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1. Introduction 

This paper continues and to some extent concludes the project initiated twelve 
years ago in Q. The original goal of this project was to find explicit "polyhedral" 
combinatorial expressions for multiplicities in the tensor product of two simple 
finite-dimensional modules over a complex semisimple Lie algebra g. Here "poly- 
hedral" means that the multiplicity in question is to be expressed as the number 
of lattice points in some convex polytope, or in more down-to-earth terms, the 
number of integer solutions of a system of linear equations and inequalities. The 
tensor product multiplicities are often called generalized Littlewood- Richardson co- 
efficients because for type A r they are given by the classical Littlewood-Richardson 
rule (a polyhedral version of the rule was given in JL4[ , and a much more symmetric 
version was given in ||). Conjectural polyhedral expressions for these multiplici- 
ties in the case of classical Lie algebras were given in || . A uniform combinatorial 
description of these multiplicities (even in a more general context of Kac-Moody 



algebras) has been obtained by P. Littclmann in 17 ; his answer is in terms of the 
so-called path model. It is however not an easy task to transform this description 
into a polyhedral one; in particular, it is still not clear how to deduce the conjectural 
expressions in |5| from Littelmann's results. 

In this paper, we explicitly construct a family of polyhedral expressions for tensor 
product multiplicities for an arbitrary semisimple Lie algebra g. To be more precise, 
we associate two such expressions to every reduced word of w Ql the longest element 
of the Weyl group, and also produce two "universal" expressions which we call 
tropical Pliicker models. It can be shown that these expressions include as special 
cases the conjectural expressions in ||. As another application, we obtain a family 
of polyhedral expressions for the multiplicities that occur when one restricts a simple 
finite-dimensional g-module to the Levi subalgebra of some parabolic subalgebra 
in g. Our answers use a new combinatorial concept of i-trails which resembles 
Littelmann's paths but seems to be more tractable. 

From the beginning, another (and maybe more important) aim of our project 
was to develop combinatorial understanding of "good" bases in finite-dimensional 
representations of g. A preliminary concept of a "good" or "canonical" basis was 
introduced in p3| pT| and independently in jlj] but it was only given a firm mathe- 
matical foundation in pioneering works of G. Lusztig and M. Kashiwara on canonical 
bases in quantum groups. Thus the aim of our project can be more precisely for- 
mulated as follows: understand the combinatorial structure of Lusztig's canonical 
bases or, equivalently of Kashiwara's global bases. Although Lusztig's and Kashi- 
wara's approaches were shown by Lusztig to be equivalent to each other, they lead 
to different combinatorial parametrizations of the canonical bases. One of the main 
results of the present paper is an explicit description of the relationship between 
these parametrizations. 

In Lusztig's approach, every reduced word i for w gives rise to a parametrization 
("of the PBW-type") of the canonical basis B by the set Z™ of all m-tuples of 
nonnegative integers, where m = £(w ) is the number of positive roots. Kashiwara's 
approach is closely related to another family of parametrizations which we call string 
parametrizations; they were introduced and studied in [Q. String parametrizations 
are also associated to reduced words for w Q ; but this time every such reduced word 
i gives rise to a bijection between B and the set of all lattice points of some rational 
polyhedral convex cone Ci in R m . In this paper we obtain an explicit description of 
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these cones for an arbitrary semisimple Lie algebra q and any reduced word i. Such 
a description was previously known in some special cases only: in ]?]], it was given 
for a special reduced word (1, 2, 1, 3, 2, 1, ... ) for type A; in [|l8] it was extended to 
a special choice of a reduced word for any semisimple g, while in jl5| it was given 
for any reduced word for type A; a more general setting of Kac-Moody algebras 
was discussed in [^3| but the results there were inconclusive. 

Our approach to the above problems is based on a remarkable observation by 
G. Lusztig that combinatorics of the canonical basis is closely related to geometry of 
the totally positive varieties. We formulate this relationship in terms of two mutu- 
ally inverse transformations: "tropicalization" and "geometric lifting." The starting 
point for this is an observation that different parametrizations of the canonical ba- 
sis are related to each other by piecewise-linear transformations that involve only 
the operations of addition, subtraction, and taking the minimum of two integers. 
As in H , we shall represent such expressions as "tropical" subtraction-free rational 
expressions. Recall from || that a semifield K is a set equipped with operations 
of addition, multiplication and division (but no subtraction!) satisfying the usual 
field axioms. Two main examples for us will be M>o, the set of positive real num- 
bers with usual operations, and the tropical semifield Z tr0 p, the set of integers with 
multiplication and addition given by 

a b = a + b , a © b — min (a, b) . 

We shall write [Q]trop if we need to emphasize that a subtraction- free rational 
expression Q is understood in a tropical sense. We call Q a geometric lifting of a 
piecewise-linear expression [QJtrop- Note that a geometric lifting is not unique; for 
example, if Q is a Laurent polynomial with nonnegative integer coefficients then 
[<3]trop only depends on the Newton polytope of Q (cf. || Proposition 4.1.1]). 

In this terminology, Lusztig's observation can be formulated as follows: for g of 
simply-laced type, the transition map between any two Lusztig parametrizations 
of B has a geometric lifting which describes the transition between two natural 
parametrizations of the totally positive variety in the maximal unipotent subgroup 
of the semisimple group G corresponding to g. In this paper we extend this result 
to a non-simply-laced case; and we also find a similar geometric lifting for transition 
maps between string parametrizations. This geometric lifting allows us to deduce 
combinatorial properties of the canonical basis from geometric properties of totally 
positive varieties. To do this, we rely on (and further develop) the "calculus of 
generalized minors" and its applications to the study of totally positive varieties in 
Schubert cells and double Bruhat cells developed in J|, |j| |ll[ [l^] . An intriguing fea- 
ture of our results is that combinatorial parametrizations of the canonical basis and 
related expressions for tensor product multiplicities for a semisimple Lie algebra g 
are expressed in terms of geometry of totally positive varieties in the Langlands dual 
semisimple group L G. It would be very interesting to give a conceptual explanation 
of this phenomenon. 

The paper is organized as follows. Section |^ provides background on semisim- 
ple Lie algebras and summarizes our main results on tensor product multiplicities 
(with the exception of Plucker models which are given in Theorems 5.15| and 5.16) 



and reduction multiplicities. Section || provides background on quantum groups 
and canonical bases, and summarizes our results on parametrizations of canonical 
bases. In Section ^ we provide needed background, and present some new results 
on generalized minors, double Bruhat cells, and totally positive varieties. Section 
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H presents our main results on geometric lifting and tropicalization; among other 
things, we find geometric counterpart of Kashiwara's crystal operators which play 
an important part in our arguments. The remaining sections contain the proofs 
of all the results in this paper. The proofs are not very difficult because most of 
the needed geometric technique was developed in the preceding papers H p|, O. 
However we need a number of important modifications to the geometric setup de- 
veloped in the previous papers: for example, we replace double Bruhat cells from 
|TT| by reduced double Bruhat cells introduced in Section [l| below. 

2. Tensor product multiplicities 

2.1. Background on semisimple Lie algebras. We start by fixing the terminol- 
ogy and notation (mostly standard) related to semisimple Lie algebras. Throughout 
the paper, g is a complex semisimple Lie algebra of rank r with Chevalley genera- 
tors e,, o7, and fi for i = 1, . . . , r. The elements a( are simple coroots of g; they 
form a basis of a Cartan subalgebra t) of g. The simple roots a±, . . . ,a r form a 
basis in the dual space f)* such that [h, e^] = cti(h)ei, and [h,fi] = —o>i(h)fi for 
any h £ t) and i £ The structure of g is uniquely determined by the Cartan 
matrix A = (a^) given by ay = a,-(a7). 

The weight lattice P of g consists of all 7 G f)* such that 7(0^) G Z for all i. 
Thus P has a Z-basis Wi, .. . ,cj r of fundamental weights given by Wj(pt() = A 
weight A e P is dominant if A(a^) > for any i G thus A = ^ with 

all nonnegative integers. Let V\ denote the simple (finite-dimensional) g-module 
with highest weight A. We denote by the multiplicity of the simple module 
in the tensor product V\®V U . 

Every finite-dimensional g-module V is known to be f)-diagonalizable, and we 
denote by V = © 7e pV"(7) its weight decomposition. Let PiV) denote the set of 
weights of V, i.e., the set of all weights 7 6 P such that ^(7) 7^ 0. 

The Langlands dual complex semisimple Lie algebra l q corresponds to the trans- 
pose Cartan matrix A T . Thus we can identify the Cartan subalgebra of L g with 
t)*, and simple roots (resp. coroots) of L g with simple coroots (resp. roots) of g. 
We denote the fundamental weights for L g by oj\, . , . , oS^; they are elements of f) 
such that 7(w/) is the coefficient of o;, in the expansion of 7 £ f)* in the basis of 
simple roots. 

The Weyl groups of g and g v are naturally identified with each other, and we 
denote both groups by the same symbol W. As an abstract group, W is a finite 
Coxeter group generated by simple reflections s%, . . . , s r ; it acts in ()* and () by 

«i (7) = 7 - 7(0^)0^ s i( h ) =h- ai{h)a( 

for 7 G f)* and h € f). 

A reduced word for 10 G is a sequence of indices (ii,... ,i;) that satisfies 
w = Si 1 ■ ■ ■ Sj; and has the shortest possible length I — £(w). The set of reduced 
words for w will be denoted by R(w). As customary, w denotes the unique element 
of maximal length in W. 

2.2. Polyhedral expressions for tensor product multiplicities. In this sec- 
tion, we present our first main results: two families of combinatorial expressions for 
the tensor product multiplicities. 
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Definition 2.1. Let V be a finite-dimensional g-module, 7 and 6 two weights in 
P(V), and i = (ii, . . . , ij) a sequence of indices from [1, r] := {1, . . . , r}. An i-trail 
from 7 to 8 in y is a sequence of weights 7r = (7 = 70, 71, . . . , 7; — S) such that: 

(1) for k = 1, . . . , I, we have 7fe-i — 7fc = CfeOj fe for some nonnegative integer c^; 

(2) e^ 1 ■ ■ • is a non-zero linear map from V{5) to ^(7). 



Note that the numbers c k in Definition 2.1 can be written as 



(2.1) c k =c k (n) = lk - 1 2 7fc «). 

Our expressions for the tensor product multiplicity for g will involve i-trails 
in the fundamental modules V^v of the Langlands dual Lie algebra L g. We denote 
by m the length of w Q . 

Theorem 2.2. Let \,H,v be three dominant weights for g. For any reduced word 
i = ■ ■ . ,i m ) G R(w ), the multiplicity c£ u is equal to the number of integer 
m-tuples (ti, ... ,t m ) satisfying the following conditions: 

(1) tk > for any k = 1, . . . , m; 

( 2 ) Efe tk-Si ± --- Si^.a^ = A + v - n; 

00 Sfe c fe( 7r )^fc ^ ( s i^ + ^ — fJ,)(u)j) / or an y * arl ^ arl 2/ i-trail tt from SjCJ^ to w u)Y 
in K,v ; 

(4) Sfe c fc( 7r )^fe > (A + Sji/ — (j,)(u)Y) for any i and any i-trail tt from wY to w Siiu^ 
in V u y . 

To present our second family of polyhedral expressions, let us define, for every 



i-trail tt = (70, . . . , 7/) in a g-module V, and every fc = 1, . . . , I (cf. (2.1)): 
(2-2) rffc=rffcW = 7 *~\ +7fc (a t y). 



Theorem 2.3. Let A, /i, z/ &e £/iree dominant weights for g. For any reduced word 
i = (ii,...,i m ) € R(w ), the multiplicity c^ u is equal to the number of integer 
m-tuples (ti, ... , i m ) satisfying the following conditions: 

(1) Sfc dk(jr)tk > /or anj/ i and any i-trail tt from uj^ to w o SiL0^ in V u v ; 

(2) Efe tkOi H = A + v - fx; 

(3) Y)h dk(^)tk > — A(a^) /or an?/ z and any i-trail tt from SiLo^ to w lu^ in V u v ; 

(4) £ fc + J]/ >fc a ikM ti < v{a)l k ) for any k = 1, . . . ,m. 



Explicit bijections between the m-tuples in Theorems 2.2 and 2.3 will be given 



in Theorem 3.7 below 



2.3. Tensor product multiplicities for classical groups. In this section we 
present most concrete expressions for the multiplicity v in the case when g is one 
of the classical simple Lie algebras of types B, C and D. We start with the types 
B r (g = so2r+i) and C r (g = sp2r)- Choose a (non-standard) numeration of simple 
roots of g by the index set [0, r — 1] so that the roots ct\, . . . , a r -i form a system of 
type A r —\ in the standard numeration, and aoi = —2, aio = —1 for type B r , and 
doi = — 1, oio = —2 for type C r . Let us denote a = \aw\, i.e., a = 1 for q = S02 r +i, 
and a — 2 for g — sp2r- 
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Theorem 2.4. Let q be a simple Lie algebra of type B r or C r , and let \ \i^v be 
three dominant weights for q. Then the multiplicity is equal to the number of 

integer tuples (4 : < \i\ < j < r) satisfying the following conditions: 

(1) 2t U ] >■■■> 2t U \ > at { 3) > 2t[ 3) >■■■> 2t { f > for < j < r; 

( 2 ) £o<M<i<r 4^1*1 = A + v - & 

(3) A«) > 4°\ and A(aJ) > max {tf ,at { j ] - t^ - + t { l\ - 
at^^itp^it) (1 < i < j)} for < j < r, where <p { p{t) = max{ip° + t U ] - 

+t-]-i -t-7 1} -*i J_1) .*±] -*2r 1} } i/ie convention that 
t { p = wnZess < |i| < j < rj; 

(4) K« V ) > max 3 >„ (#> + | £ fc> >4 fc) " - ti* -1 ^), 

Kc^) > max max(i® + V (2^ + 2t^ 1} - <4* _1) - - 4 fc_1) ), 

fc>j 

+ J2( 2t -l + 2 4 fe) ~ at i k) - *-a - 4 fe ~ 1} )) , 

fe>i 

« > max max(*« + J><3 + ^ - - tfe 1 ) - t<l x - tfe 1 )), 

k>j 



t 



w + J><3 + 2*f - 1% - £\ - 41, - 4 + 7 1} )) 



k>j 

for 2 < i < r. 

Now consider the type D r (g = so2 r )- Choose a (non-standard) numeration of 
simple roots of g by the index set { — 1} U [1, r — 1] so that the roots cti, . . . , a r -i 
form a system of type A r _i in the standard numeration, and a_i,2 = &2,-i = — 1- 

Theorem 2.5. Let g be a simple Lie algebra of type D r and let A,/i,^ be three 
dominant weights for g. Then the multiplicity v is equal to the number of integer 

tuples (4 : 1 < \i\ < j < r) satisfying the following conditions: 

(1) t U ] > ■ ■ ■ > t U) 2 > max (t%t^) > min {t%t[ ]) ) > >■■■> tf > for 
l<j<r; 

(2) E J ((%+^ ) «i) + E2<|,|< Kr t Sl= A + ^W 

(3) A(<4i) > 4i\ ondA(oV) > max {tj^ , -^"r^ . + *-i ~ *-l ~ . *-2 + 
4 i_1) - 4 i ~ 1) - ^l"^'^^) ( 2 < i < j)} for 2 < j < r, where (p U) (t) is the same 
as in Theorem 2.4; 

(4) u{al ± ) > max.M (t« + E k>3 (^l t<_*> - 4^ 1} )), 

,(0?) > max max(t« + 5>$ + 2tf^ - - t^ t?L - 4+1 

fe>j 

t? 5 + E( 2 ^ + 2 4 fc) - *<ti - e\ - ^i: - 
fe>j 

/or 2 < i < r. 
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Remark 2.6. We shall show that Theorems 2.4 and 2.5 can be obtained by special- 



izing Theorem 2.3 for a specific reduced word i. One can also show that specializing 
Theorem 2.2 for the same i leads to the expressions for v that were conjectured 
in §. 

2.4. Reduction multiplicities. For a subset I C [l,r], let g(7) denote the corre- 
sponding Levi subalgebra in g generated by the Cartan subalgebra f) and by all 
and fi for i € I. A weight j3 G P is dominant for 0(7) if /3(a^) > for i £ /; for such 
a weight, let Vg denote the simple (finite-dimensional) g(/)-module with highest 
weight (3. In this section, we compute the multiplicity of in the reduction to 
0(7) of a simple g- module V v . This includes the weight multiplicities in V v as a 
special case when 7 = 0. 

Let w (I) denote the longest element of the parabolic subgroup in W generated 
by all Si with i € I. 

Theorem 2.7. For any reduced word i = . . . ,i n ) G R(w (I)~ 1 w ), the mul- 
tiplicity of Vp in the reduction of V v to is equal to the number of integer 
n-tuples (ti, . . . , t n ) satisfying the following conditions: 

(1) t k >0fork = l,...,n; 

(2) Efe^fc -Sh ■■■Si k _ 1 a ik = w {I)(v-P); 

(3) J2k c fe( 7r )^fc ^ { s i u ~ PJi^i) f or an V * an d an U i-trailn from w {I)lo^ to w SiU>^ 
in V u y . 

Theorem 2.8. For any reduced word i = . . . ,i n ) G R(w (I)~ 1 w ), the mul- 
tiplicity of Vp in the reduction of V u to is equal to the number of integer 
n-tuples (ti, . . . , t n ) satisfying the following conditions: 

(1) J2k dk(^)tk > for any i and any i-trail tt from w (I)(jjy to WoSjW^ in V^v; 

(2) J2 k l k^ k = v-@; 

(3) tk + J2i>k a ^Mi < v ( a V fork=l,...,n. 



Explicit bijections between the n-tuples in Theorems 2.7 and 2.8 will be given 



in Theorem 3.7 below. We illustrate these theorems with the following example. 



Example 2.9. Let g = sl r+ i be of type A r (with the standard numeration of 
simple roots). Let / = [1, r] \ {p} for some p£ [1, r]. Let q = r + 1 — p; then the 
algebra q(I) is the intersection of sl r +i = sl p + q with the block-diagonal subalgebra 
gl p x gl p C glp+q- Denote by M pxq the set of allpx q matrices T = (tij) with integer 
entries (we shall also use the convention that Uj = unless (i,j) G [l,p] x [!,<?])• 



Theorems [2.7| and specialize to the following two expressions for the reduction 
multiplicity. 

Corollary 2.10. The multiplicity ofV^ in the reduction ofV y to q(I) is equal to 
the number of all T G M pxq satisfying the following conditions: 

(1) tij > for all i and j ; 

(2) Ei< hj < P+g -i Uj ={y- /?)K V ) for any I G [l,r]; 

(3) v(a)[) > max je[lrq] (J2 k > (ti,j+k ~ t l+1J+k+1 )) for 1 < i < p; v(a y p ) > t pq ; 
"( a p+q-j) > max l( E[i,p](Efc>o(^+fcJ ~ ti+k+lj+i)) for l<j<q. 
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Corollary 2.11. The multiplicity ofVg in the reduction ofV v to q(I) is equal to 
the number of all T 6 M pxq satisfying the following conditions: 

(1) tij > max(ti + i.j, tij+i) for all i and j (that is, T is a plane partition of shape 
p x q); 

(2) Ej-i=i- p tij = iy- for any I e [l,r]; 

(3) v{ctf) > max J _ i=; _ p (t !3 + Y,k>o( 2t ^+k.j+k -U+k-i,j+k U+kd+k-i)) f° r an V 

le[l,r]. 



Remark 2.12. The polytope defined by conditions (1) - (3) in Corollary 2.10 (with 
the additional assumption that ^(a^) >> so that the inequality v(a^) > t pq "' 



(3) is skipped) appeared in a different context in pOj. Comparing Corollary 2.10 



with |l0|, Theorem 1], we conclude the following. If u(a p ) >> then the reduction 



multiplicity in Corollary 2.10 is equal to the inner product of two skew Schur func- 
tions s„(i) /g(i) and s„( 2 ) ^3(2), where for each dominant g(/)-weight fi we define the 

partition fj,^ (resp. fi^) with < p (resp. < q) parts by setting [ip = /i(w., v — Ci;^_ x ) 

(resp. /i - ; = fA^p+q-j ~ w p+<j-j+i))- Note that a polyhedral expression for the 
inner product of any skew Schur functions w as fir st obtained in [|J ; the expression 



given there is close to the one in Co roll ary |2.1l| . A bijective correspondence be- 
tween the tuples in Corollaries |2 . ldj and 2.11 was constructed in an unpublished 



work of one of the authors (A.B.) and Anatol Kirillov; they also observed that their 
bijection can be interpreted as the Robinson-Schensted-Knuth correspondence. 

3. Canonical bases and their parametrizations 

3.1. Background on canonical bases and their Lusztig parametrizations. 

Let us recall some basic facts about quantized universal enveloping algebras and 
their canonical bases. Unless otherwise stated, all the results in this section are due 
to G. Lusztig and can be found in pc[ |. The quantized universal enveloping algebra 
U = Uq(g) associated to g is defined as follows. Fix positive integers d\, . . . ,d r 
such that diaij — djaji, where (ay) is the Cartan matrix of g. The algebra U is a 
C(q r )-algebra with unit generated by the elements Ei,K^, and Fj for i — 1, . . . , r 
subject to the relations 

KiKj = KjKi, A',/:, A, 1 = q d ^E 3 , A',/', A, 1 = q-^Ej , 



EiFt — FjEj — 5j 



K, - K7 1 



for all i and j, and the quantum Serre relations 

£ {-lf E p Ej E^= Y, (-^^=0 

k+l — l — aij k+l—l — aij 

for i 7^ j. Here E^ and F^ stand for the divided powers defined by 

pO) \ pk p(k) 1 pk 

[l]i[2}i---[k}i " 1 [l} i [2} i ---[% 1 ' 

where [ijj = q qdi _ q q -d i ■ The algebra U is graded by the root lattice of g via 

deg(iQ) = 0, deg(Ei) = -deg(F<) = a, . 
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To each i — l,...,r, Lusztig associates an algebra automorphism Tj of U 
uniquely determined by: 

T i {K i )=K i K7 a » (j = l,...,r), 

Ti(Ei) = -Kr 1 ^, T t (Fi) = -E i K l , 

and, for all j =/= i, 

k-\-l— — a-ij 
k-\-l — — dij 

(This automorphism was denoted by T[ _ x in 69].) The Tj satisfy the braid relations 
and so extend to an action of the braid group on U. 

Let U + denote the subalgebra of U generated by E\, . . . ,E r . We now recall 
Lusztig's definitions of the PBW-type bases and the canonical basis in U + . For a 
reduced word i = . . . ,i m ) £ R(w Q ), and an m-tuple t = (ti, . . . , t m ) € Z> , 
denote 

p W := E^T h (E£ 2) ) ■ ■ ■ (T h ■ ■■T lm _ 1 )(Et ) ) ■ 
As shown in p0| . all these elements belong to U + . For a given i, the set of all 
with t G Z™ is called the PBW type basis corresponding to i and is denoted 
by B\. This terminology is justified by the following proposition proved in [ pp| 
Corollary 40.2.2]. 

Proposition 3.1. For every i € R(w ), the set B\ is a <C(q) -basis ofU+. 

According to Proposition 8.2], the canonical basis B of U + can now be 
defined as follows. Let «hh denote the C-linear involutive algebra automorphism 
of U + such that q = q~ x , Ei = E{. 

Proposition 3.2. For every i £ R{w Q ) and t € ^> ; there is a unique element 

b = bi(t) ofU + such that b — b, and b — p[ is a linear combination of the elements 
of Bi with coefficients in q~ l 2\q~ 1 ]. For any fixed l, the elements bi(t) for all 
t S Z™ constitute the canonical basis B. 



In view of Proposition 3.2, any i £ R(w ) gives rise to a bijection bi : Z™ — * B. 
We refer to these bijections as Lusztig parametrizations of B. Let us summarize 
some of their properties. To do this, we need some more notation. Let i h i* 
denote the involution on [l,r] defined by w (ai) = —a^. For every sequence 
i = (ii, . . . , i m ), we denote by i* and i op the sequences 

(3.i) i* = (<;,..., o. i op = (w ••,*!) ; 

clearly, both operations i i— v i* and i i— > i op preserve the set of reduced words R(w ). 
Proposition 3.3. (i) Any canonical basis vector bi(t) £ B is homogeneous of degree 

X/fe tk ' Si 1 s i k -i a ik ■ 

(ii) Every subspace of the form E™U + in U + is spanned by a subset ofB. Further- 
more, let U(b) denote the maximal integer n such that b £ E"'U + ; then, for any 
i £ R(w ) which begins with i\ — i, we have U{bi{t\, . . . ,t m )) = t±. 

(iii) The canonical basis B is stable under the involutive C(q)-linear algebra anti- 
automorphism E — » E L of U + such that E\ = Ei for all i. Furthermore, we have 

W = &i. p(* op ). 
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This proposition allows us to interpret the tensor product multiplicity in 
terms of the canonical basis. Indeed it is well-known (see e.g., ||) that is 
equal to the dimension of the homogeneous component of degree A + v — \i in 

U + /J2i( E ? ia ' )+lu+ + U+Et (ar)+1 ). Thus Proposition p| has the following 
corollary. 

Corollary 3.4. The multiplicity v is equal to the number of vectors b £ B of 
degree X+iy—fj, satisfying the following property: ifb = bi{ti,..., t m ), and i 6 R(w a ) 
begins with i and ends with j then t\ < A(a^) and t m < v{pq«). 

3.2. Preliminaries on string parametrizations. We now describe another way 
to parametrize B with certain strings of nonnegative integers, the so-called string 
parametrizations introduced in |?], pij| . As a general setup, consider any f7 + -module 
V such that each Ei acts on V as a locally nilpotent operator, i.e., for every non- 
zero v 6 V there exists some positive integer n such that Ef(v) = 0. Let Ci(v) 
denote the maximal integer n such that Ef(v) ^ 0. For any sequence of indices 
i = (ii, . . . , i m ), the string of v in direction i is a sequence ci(v) = (ti, . . . , t m ) of 
nonnegative integers defined recursively as follows: 

ti = c n (v),t 2 = c l2 {E\l («))> • • • . *™ = c ^ ( E t:l ■ ■ ■ E n (")) ■ 
We apply this construction to a C/ + -module A defined as follows. As a Ca- 
veator space, is the restricted dual vector space of U + , i.e., the direct sum of dual 
spaces of all homogeneous components of U + (recall that U + is graded by the root 
lattice of g). The action [E, f) h-> E(f) of U+ on A is given by E(f)(u) = f(E L u) 



for all u e U + (see Proposition ^3 (iii)). Clearly, each Ei acts in A as a locally 
nilpotent operator, so the corresponding strings are well defined. 

Now we consider the dual canonical basis ^ dual in A: its element 6 dual corre- 
sponding to b £ B is a linear form on U+ such that 6 dual (6') = 5 b>v for b' E B. The 
following proposition was essentially proved in jl8| (our results below will provide 
an independent proof). 

Proposition 3.5. For any i S R(w a ), the string parametrization q is a bijection 
of £? dual onio ifte se£ of all lattice points Ci(Z) o/ some rational polyhedral convex 
cone Ci in W n . 



We call the cone C\ in Proposition 3.5 the string cone associated to i £ R(w ) 



(it was called the cone of adapted strings in |18| ). 

Comparing the definition of strings with the definition of U(b) in Proposition [T^ 
(ii), we see that 

(3.2) k(b) = a(b d ™ 1 ) 

for any i £ [1, r] and b € B. We shall also need some basic properties of B related to 
Kashiwara's crystal structure. The following proposition is a consequence of results 
in @ and §(J (see also §|). 

Proposition 3.6. (i) There exist embeddings fi : B — > B for i = 1, . . . ,r which 
satisfy the following property: if b = b{(ti, . . . , t m ) and Ci(6 dual ) = (t\, . . . , t' m ) for 
some i = (ii, . . . ,i m ) € R(w ) with i\ = i then fi(b) = bi(t\ + 1,<2> ■ ■ ■ ,i m ), and 
c i (f i (b)^ i ) = (t[ + l,t' 2 ,...,t' m ). 

(ii) Every b e B has the form b = ■•■fi N (l) for some sequence of indices 
ii,...,i N from [l,r]. 
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3.3. New results on Lustzig and string parametrizations. We start with an 
explicit formula for the relationship between Lusztig and string parametrizations. 

Theorem 3.7. (i) Let i and i' be two reduced words ofw , and let t = Ci(6i<(i') dual ) 
be the string in direction i of the dual canonical basis vector with the Lusztig pa- 
rameters t' relative to i'. Then t and t' are related as follows: for any k = 1, . . . , m, 
we have 

m m 

(3.3) t k = min (S^ ci(ni) ■ t[) - min (S^ ci(tt 2 ) ■ t[) , 

7Ti *■ — ' n 2 1 — ' 

1=1 1=1 

where m (resp. tt%) runs over i-trails from • • • Si k _ 1 u>^ (resp. from Si 1 ■ ■ ■ Si k u>) ' ) 
to w uj^ in V^v . 

(ii) For any three dominant weights X, fi and v, the correspondence (3.3) restricts 
to a bijection between the set of tuples t in Theorem 2.3 and the set of tuples t' in 
Theorem 2.2 with i replaced by i'. 



Using Theorem 3/7, we shall obtain the following explicit e xpre ssion for the 
functions U on B in terms of Lusztig parameters (see Proposition |3.3| (ii)). 

Theorem 3.8. For every i 6 [1, r] and i = {i\, . . . , i m ) e R(w ), we have 

(3.4) li{h(h, ■ ■ ■ ,t m )) = maxV(s n • ■ ■ s ik _ l a lk {uj^) - c k {n))t k , 

7T * • 

fc 

where it runs over all i-trails from SjCJ^ to w uj^ in V^v . 



The inverse of the map in (3.3) which expresses Lusztig parameters of b in 
terms of strings of fr dual can be also computed explicitly but this expression is 
more involved. We shall only present the following two important special cases. 



Theorem 3.9. Let t and t' have the same meaning as in Theorem 3.1 (i). Then 
(3.5) t\ = -miny^ d k (w)t k , 

k 



id also 



where tt runs over all i-trails from Su ojJ, to w u>y, in V^v 
(3.6) t' m = max (t k + V" a v ^tj) . 

fc:»f=i' c — 4 
k m l>k 

We conclude this section by an explicit description of the string cones (see Propo- 
sition 3.5). 

Theorem 3.10. For any reduced word i G R(w ), the string cone C\ is the cone in 
R m given by the inequalities (1) in Theorem 2.t, i.e., it consists of all realm-tuples 
(f i, . . . , t m ) such that dk{Tr)tk > for any i and any i-trail tt from w 2 v to w SiU)Y 
in V u v . 

3.4. More on string cones. In this section we describe some specializations of 
Theorem |3. 10 . Our first result shows that, under some conditions on a reduced 
word i 6 R{w Q ), the corresponding string cone C\ splits into the direct product of 
smaller cones. To formulate the result, we need some more notation. First, for any 
sequence i = («i, . . . ,ii) of indices from [1, r], and any two elements u, v € W, let 
C\{u, v) denote the cone of all real Z-tuples {t\, . . . , ti) such that J2k dk{^)tk > 
for any i and any i-trail tt from uuj^ to vsioj^ in V^v . (In particular, Theorem |3.10 



claims that C\ = d(e,w ).) Second, as in Section 2.4, for any subset / C [l,r] let 
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w (I) denote the longest element of the parabolic subgroup in W generated by all 
Si with i E I. 

Theorem 3.11. Let = Jo C h C ••• C I p = [l,r] be any flag of subsets 
in [l,r]. Suppose i E R(w a ) is the concatenation (i' 1 ', . . . , i^), where iw g 
R(w (Ij-i)~ 1 w (Ij)) for j — 1, . . . ,p. Then the string cone C\ is the direct product 
of cones: 
(3.7) 

Ci = Ci(i)(e,u; (Ji)) x C i( 2) (io (/i)), w {h)) x • • • x (w (ip-i), w (I p )) . 

Under some additional assumptions, it is possible to describe the factors in (3.7) 
much more explicitly. Following |]24f , we call an element w E W fully commutative 
if any two reduced words for w can be obtained from each other by a series of 
switches (i k ,i k+ i) — > («*+i,ifc) such that ai fe , 4fc+1 = 0. 

Theorem 3.12. In f/ie situation of Theorem \3.1^ , suppose that an index j E [l,p] 
is such that \Ij\ — |/j_i|+l, and the element ■u; (/j_i) _1 iy (/j) is fully commutative 
of length I. Then the corresponding cone CiQ)(w (Ij-x),w (Ij)) C M 1 is given by 
the following inequalities: 

(1) k > 0; 

(2) tfe(i) > £j.(2) / or an J/ o/ indices k(l) < k(2) in [1,1] such that cti k{1) and 
oti k{2) generate a root system of type A2, and i k £ {i k (i),i k (2}} for k(l) < k < k(2); 

(3) |ay|tfc(i) > tk(2) > l a yl^fe(3) f or an V indices k(l) < k(2) < fc(3) in [1,1] such 
that ik(i) = ik(3) = j^i = ik(2)j ®4 and ctj generate a root system of type B2, and 
a ik-j — f or a M & ^(2) between fc(l) and k(3); 

(4) 2\aij\tk(i) > 2t k (2) > \ a ij\tk(3) > 2 *fe(4) > 2\aij\tk(5) f or an V indices fc(l) < • ■ ■ < 
fc(5) in [1,1] such that i fc(1 ) = i k ^ = i fc(5) = j ^ i = i k (2) = «fc(4), a ^ rf ctj 
generate a root system of type G2. 

Combining Theorems [3.11 and 3.12, we obtain the following refinement of the 



main result of 1 18 



Corollary 3.13. Suppose that = Iq C ii C • • • C I r = [1, r] is a flag of subsets 
in [l,r] such that \Ij\ — j, and w (Ij-i)~ 1 w (Ij) is fully commutative for every 
j E [1,7*]. Suppose i E R(w ) is the concatenation ■ ■ ■ , i^), where v^> E 
R( w (I j-i)~ 1 w (Jj)). T/ien i/ie string cone Ci is the direct product of con es gi ven 



by (p.7j) ; with every factor in the product given by inequalities in Theorem 3.1, 



Theorem 3.10 also implies a more explicit description of all string cones for 
the type A r (another description of these cones was found in |l5|]). We need the 
following notation: for any i E [l,r], let «W denote the minimal representative 
of the coset W^SiWo in W, where Wq is the maximal parabolic subgroup in W 
generated by all Sj with j =/= i. 

Theorem 3.14. Let i = . . . , i m ) E R(w ). For any i E [1, r] and any subword 
(iyi), ■ ■ ■ ,i k (p)) of i which is a reduced word for vM\ all the points (t±,... ,t m ) in 
the string cone Ci satisfy the inequality 
p 

( 3 - 8 ) ( S 'MD ■•' s iHU) 0l ikK u i) - f k > 

j=Q k(J)<k<k(J+l) 

(with the convention that fc(0) = and k(p+l) = m+l ). Furthermore, if Q = sl r +\ 



then Ci is the set of all t E W n satisfying the inequalities (3. 
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Example 3.15. Let us illustrate Theorem 3.14 by an example when g = sl±. We 
shall use the standard numeration of simple roots and corresponding simple re- 
flections for type A3, so that si and S3 commute with each other. In our case 
m = i(w Q ) = 6, and the elements uW are given by: 

M (1) = S1S2, = S2S1S3 = S2S3S1, = S3S2 . 

Let us consider a reduced word i = (2,1,3,2,1,3) of w . Here is the list of 
sub words of i which are reduced words for the elements «W (their entries are un- 
derlined), and the corresponding inequalities of the form ( |3.S| ): 

it« : (2,1,3,2,1,3) ->te > 0; 

w (2) : (2, 1,3, 2, 1, 3) -> i 4 - * 5 - *6 > 0, (2, 1,3,2, 1,3) -> t 3 - t 5 > 0, 
(2, 1, 3, 2, 1, 3) -► t 2 - *B > 0, (2, 1, 3, 2, 1, 3) t 2 + *s - *4 > 0, 
(2,1,3,2,1,3) >0; 

« (3) : (2,l,3,2,l,3)-»t 6 >0. 
Therefore, C\ is a cone in R 6 given by: 

h > 0, t 2 >t 6 > 0, i 3 > f 5 > 0, t 2 +t 3 >U>t 5 + t 6 . 

4. Reduced double Bruhat cells and totally positive varieties 

4.1. Background on semisimple groups. Let G be a simply connected complex 
semisimple Lie group with the Lie algebra g. For i e [l,r], we denote by Xi{t) and 
Ui(t) the one-parameter subgroups in G given by 

Xi(t) = exp (tei), yi(t) = exp 

(note that in lllj] the notation a^(t) was used instead of yi(t)). Let iV (resp. N_) 
be the maximal unipotent subgroup of G generated by all Xi(t) (resp. yi(t)). Let H 
be the maximal torus in G with the Lie algebra t). Let B = HN and B_ = _ffiV_ 
be two opposite Borel subgroups, so that H = £>_ n B. For every i £ [l,r], let 
(yCi : SL2 — > G denote the canonical embedding corresponding to the simple root cti ; 
thus we have 

'l t\ fl (F 



We also set 



1 (,', ,"■ ) 



1 



for any i and any t ^= 0. 

The Weyl group IF of g is naturally identified with Norma(H)/H; this identi- 
fication sends each simple reflection Sj to the coset s7-ff, where the representative 
Ji £ Normc (H) is defined by 

'0 -1" 
1 



The elements s, satisfy the braid relations in IF; thus the representative w can 
be unambiguously defined for any w € W by requiring that mJ = u ■ v whenever 
£(uv) =l(u)+l(v). 

The weight lattice P is identified with the group of multiplicative characters of H, 
here written in the exponential notation: a weight 7 6 P acts by a 1— > a 7 . Under 
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this identification, the fundamental weights oj\, . . . ,u> r act in H by {t a i ) Ui = t Sij . 
The action of W on P can be now written as a w ^ — (w~ 1 aw) 1 for w £ W, a E H, 

7 e P. 

We denote by Go = N_HN the open subset of elements x £ G that have Gauss- 
ian decomposition; this (unique) decomposition will be written as x = [x]-[x\q[x] + . 

Following G. Lusztig, we define the variety G>o of totally nonnegative elements 
in G as the multiplicative monoid with unit generated by the elements t ai , Xi(t), 
and yi(t) for all i and alH > 0. 

4.2. Preliminaries on generalized minors. We now recall some basic properties 
of generalized minors introduced in fli"|| . For u,v £ W and i £ [1, r], the generalized 
minor A UUJuVUJi is the regular function on G whose restriction to the open set 
uGqv~ 1 is given by 

(4-1) A UUuVUi (x) = ([u- 1 xv] ) UH . 

As shown in fll|| , A UUJi tVUi depends on the weights uuJi and vuii alone, not on the 
particular choice of u and v. In the special case G — SL n , the generalized minors 
are nothing but the ordinary minors of a matrix. 

Although we do not need it in this paper, we would like to mention the following 
characterization of the totally nonnegative variety obtained in an element 

x £ G is totally nonnegative if and only if all generalized minors take nonnegative 
real values at x. 

Generalized minors have the following properties: (see H, (2.14), (2.25)]): 

(4.2) A 7i5 (aixa 2 ) = aJa^As^x) (ai,a 2 £ H; x £ G), A 7 , s (x) = A Sn (x T ) , 
where x i— > x T is the "transpose" involutive antiautomorphism of G given by 

(4.3) a T = a (a £ H) , x t (tf = Vi (t) , y z (tf = Xi {t) . 

Later we shall need the involutive antiautomorphism t Wo of G introduced in [ pd| 
(2.56)]; it is defined by 

(4.4) t Wo (x) = w^ix- 1 )^!!^ - 1 , 

where x i— > x L is the involutive antiautomorphism of G given by 

(4.5) a^a- 1 {a £ H) , x 4 (ty = Xi (t) , Vl {t) L = Vi (t) . 
By |y], (2.25) and Lemma 2.25], we have 

(4-6) A 7 , 5 (x) = A_ (5 ,_ 7 (a; t ) = A fflo j lKoT (r fflo (a;)) 

for any generalized minor A 7! 5, and any x £ G. 

Now we present some less obvious identities for generalized minors. The following 
identity was obtained in |ll|, Theorem 1.17]. 

Proposition 4.1. Suppose u,v £ W and i £ [l,r] are suc/i fftaf £(usi) = £(u) + 1 
and £(vsi) — t(v) + 1. TTien 

(4.7) A UL j i ^ VLJi A USiLOi _ VSiUJi A USiU j i VUJi A UUJi VSiU j i -\- Wj-u.^ A UUJ j ,vujj • 

The next proposition presents some generalized Pliicker relations; they follow 
from H Corollary 6.6] (see also 0, Theorem 1.16]). 
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Proposition 4.2. Let u,v € W and i,j G [l,r]. 

1. // aij=dji = —l and £(vsiSjSi) — £(v) + 3, then 

^■UUJi^VSiUJi^UUj .VSjUJj — ^UOJi,VUJi^UOJj ,VSiSjUJj ~t" ^ULJi.VSjSiLUi^-ULOj .VLUj 

2. Ifaij — —2, aji — —l, and £(vsiSjSiSj) = £{v) + 4, fften 

A-^^.^^^ ^tiw 1 ,vSjSiUJi ^uwj .VSjUJj 

- A 2 A 
and 

A A 2 A 

— A A 2 A 

— ^UUJ j ,VS j SiS jUJj '-^ u u H ,vSj SiUJi^U^j ,VUJj 

~\~{^-ULUi,VUJi ^-UUJj ,VSjSiSjUJj ~\~ ^UUJi,VSiSjSiUi ^UUJj .VSjUJj) 

3. Ifa,ij = —3, dji = —l, and l(vsiSjSiSjSiSj) = l(v) + 6, then 

^UUi ,VSiLUi ^ULUi,VSjSiUJi ^WOJ i ,V S j Si S j SiUJi ^UUJj ,VSjUJj ^UUJj ,VSj SiSjLUj 

^ULJi.VSjSiLJi ^UUJi.VSj SiSj SiUJi ^UUJj ,VU!j ^UUJj ,VSj SiSjUJj 
~^~(^^UUJi,VUJi^UUJj ,VSj SiSjUJj ~t~ ^UUi.VSjSiSjSiUJi^ULOj .VSjUj) ^UUJi,VOJi^UUJi,VSjSiSjSiOJi 
~\~{^^ULOi,VSjSiUJi^UUJj,VSjSiSjSiSjLOj ~t~ ^UUJi ,VSiS j SiS j SiWi A uaJj - }U S j SiS j UJ j) 

•A A 2 A 

<-*UUli ,VOJi "uU; ,VSjSiU)i "TOj ,VSj Ulj i 



A A 3 A 2 A A 2 

= A 3 A 3 A A 2 

UUJi^VSjSiUJi '—^UUJi^VSjSiSjSiUJi ^UUJj ,VU)j ^UUJj : VSjSiSjiOj 
^(^^UiUi.VLJi^ULJj ,VSj SiSjUJj "i" ^ULOi.VSjSiSjSiLOi^ULOj .VSjUJj) ^uu>i .V S j S i S j S iUJi 
~^~(^^ULJi,VSjSiUJi^-UUJj,VSjSiSjSiSjLJj ^UUJi ,V8i Sj Si Sj Si U>i A^aJj ,VSj Si Sj UJj ) 

•A 4 A 

^ULJi ,VSj SiOJi <-*UUj ,VSjUj 
~\~ (3A UCiJi ,VUJi A^UJi ,VSjSiLUi ^UU)j ,VSjSiSjLJj ^UUlj ,V S j S i S j S i S j U) j 

+2A KUi!mi A I11 j i] „ SiSjSiSjSiWi A 11 ^ ,vsjSiSjUjj 

J r2/S. uu)i ^ VS j SiS j SiLOi ^ULJi,VSiSjSiSj SiUJi ^UUJj ,VSjUj A 
J t~2/\ UUJi .vSjSiUi A^UJi ,VSj SiSj SiUJi ^UU)j .VSjUJj ^UUJj .VSjSiSjSiSjUJj) 

•A 2 A 2 A 

^UUJi.VSj SiLJi i -^UUJi,VSjSiSjSiUJi'— > -UUJj ^VSjUJj i 



ULJj ,VSj SiSjUJj 
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t-^-UUJj ,VSiSj SiSjUlj L -^UUl i ,VajS i U]i L -*UU i ,VSjSiSjSiUJi ^UUIj ,V SjUJj ^UUlj ,VSjSiSjUlj 

— A 3 A 3 A A 2 A 

*-*UU)i,VSj SiUli L ~ i UUi,VSjSiSjSiUli ^ULUj ,VUlj "aUj ,VSj SiS jUJj "UWj ,VSjSiSjSiSjlUj 



~^~(^^ULJi,VUJi^ULJj ,VSjSiSjUJj ~l~ ^UUJi,VSj SiSj SiLJi^ULJj ,VSjiJj^) 

•A 3 A 

(^^UUJi ,VSj SiUJi ^ULOj ,VSj SiSj Si SjUJj ^UUJi ,VSiSjSiSjSiLJi ^UUJj ,VSjSiSjUJj) 

■A 3 A 

"lILJi ,VSj SiUJi t-^UDj ,VSjUJj 
A liWi : VLOi ^-ULOi ,VSjSiUJi ^UUJj ,VSj SiSj UJj ^UUJj ,VSjSiSjSi SjUJj 

-4-^ A A A 2 

i* JL -*UUJi ,VLJi L -^UUJi ,VSi Si S, Si SiUJi L -*ii.t, 



*UDi ,VLJi l — i -UUJi iVSiSjSiSjSiUJi ^UUJj ,VSj SiSj UJj 
-3 ^-UUJ -i .VS<i Si Si S-iLO-i Atj/j . _rj c ■ c ■ c ■ c ■ Si UJi A^ 



■*UUJi 7 VSj SiSj SiOJi l — x UUJi 7 VSiSj SiSj SiUJi l — x UUJj ,VSjUJj l — x UUJj ,VSj SiSjUJj 
~h2 A. UUJi : VSj SiUJi A ULt ; i ,VSjSi Sj SiUJi ^-UUJ j ,VSjUJj ^UUJj ,V S j Si S j Si S j UJ j ) 

•A 2 A 2 A A 

L ^UUJi,VSjSiUJi L -*-UUJi,VSjSiSjSiUJi L -*-'UUJj ,VSjLJj ^UUJj.VSj SiSj SiSjLJj 1 

A A 6 A 3 A 2 A 3 

l —*UU)j ,V SiSj UJj l — x UUJi,VSj SiUJi UUJi,VSj SiSj SiUJi UUJj ,VSjUJj UUJj ,VSjSiSjUJj 

= A 3 A 2 A A 2 

UUJi ,VSj SiUJi ULOi ,VSjSi Sj SiUJi l —*UUJj ,VUJj i —*uuJj ,VSjSi SjUJj 
' {^UUJi, VSjSiUJi^UUJi,VSj SiSj SiUJi ^UUJj ,VUJj^ UUJj jV SjSiSjUJj 

~\~^(^^UUJi ,VU>i ^-ULOj ,VSjSiSjUJj H~ ^-UUJi ,VSjSi Sj SiUJi ^-UUJj ,V SjUJj ) ^-ULOi ,VSj SiSj SiUJi 
H~ (3 ^-uuJi ,VUJi ^UUJi ,VSj SiUJi ^UUJj ,VSjSiSjUJj ^ULOj ,VSjSiSjSiSjUJj 

+^A A A 2 

^^t-lUUJi ,VUJi ^UUJi ,VSi Sj Si Sj Si UJi ^uujj ,VSj Si Sj UJj 

~\~^^-UUJi,VSj SiSj SiUJi ^-UUJi ,VSiSj SiSj SiUJi ^-UUJj ,VSjUJj ^-UUJj ,VSjSi SjUJj 
H~2 A uu;i ,VSj SiUJi ^-ULOi ,VSj SiSj SiUJi ^-ULOj ,V SjUJj ^ULJj ,VSj SiSj SiSjUJj^j 

■A 2 A \ 

^UUJi^VSj SiUJi ^UUJj ,VSjUJj j 
{ ( A UCi)i ,VUJi ^-UUJj ,VSj Si SjUJj H~ A ncJi ,vSj SiSj SiUJi ^UUJj ,VSj UJj ) A ULJi ,VSjSi Sj SiUJi 
( ^-UUJi ,VSj SiUJi ^-UUJj ,VSj Si Sj Si Sj UJj H~ ^-UUJi ,VSi Sj S i Sj Si UJi ^-UUJj ,VSjSiSjUJj^) 

•A 2 A ) 3 

,VS j Si UJi ^"Wj ,VSj UJj j 

4.3. Reduced double Bruhat cells. The group G has two Bruhat decomposi- 
tions, with respect to opposite Borel subgroups B and _B_ : 

G = (J BuB = |J . 

uew vew 

The double Bruhat cells G u > v are dehned by G u < v = BuBC\B_vB- . These varieties 
were introduced and studied in O]. 

In this paper we shall concentrate on the following subset L u ' v C G u,v which we 
call a reduced double Bruhat cell: 

(4.8) L u ' v = NuN n B_vB_ . 
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(In particular, if u is the identity element e S W then L e - V —NO B-vB- is the 
variety N v studied in |0|.) We also set 

L >0 ■= L 11 Lr>0 , 

and call L>q the totally positive part of L"' 11 . 

The equations defining L u,v inside G u,v look as follows. 

Proposition 4.3. An element x G G"' 11 belongs to L u,v if and only if \u ~ 1 x]q = 1, 
or equivalently if A UUJiMi (x) = 1 /or any z G [l,r]. 

The maximal torus H acts freely on G u,v by left (or right) translations, and L u,v 
is a section of this action. Thus L u,v is naturally identified with G u,v /H, and all 
properties of G u ' v can be translated in a straightforward way into the corresponding 
properties of L w,v . In particular, Theorem 1.1 in (T^| implies the following. 

Proposition 4.4. The variety L u ' v is biregularly isomorphic to a Zariski open sub- 
set of an affine space of dimension £(u) + £(v). 

We now introduce a family of systems of local coordinates in L u,v . For any 
nonzero t G C and any i G [1,7*], denote 

(4.9) x-i(t)=vi(t)t-*? ° t 

A double reduced word for a pair u, v G W is a reduced word for an element 
(u, v) of the Coxeter group W x W . To avoid confusion, we will use the indices 
— 1, . . . , —r for the simple reflections in the first copy of W, and 1, . . . , r for the 
second copy. A double reduced word for [u, v) is nothing but a shuffle of a reduced 
word i for u written in the alphabet [—1, — r] ( we will denote such a word by — i) 
and a reduced word i' for v written in the alphabet [l,r]. We denote the set of 
double reduced words for (u,v) by R(u, v). 

For any sequence i = (ii, . . . ,i m ) of indices from the alphabet [l,r] U [—1, — r], 
let us define the product map x\ : C™ — + G by 

(4.10) xi(ti, . . . ,t m ) = x ll (t 1 ) ■ ■■x lm (t m ) . 

The following proposition is a modification of |ll], Theorems 1.2, 1.3]. 

Proposition 4.5. For any u,v G W and i = ,i m ) G R(u,v), the map x\ 

is a biregular isomorphism between C™ and a Zariski open subset of L UyV , and it 
restricts to a bijection between the set ]R" l of m-tuples of positive real numbers and 
the totally positive part L"'q of L u,v . 

4.4. Factorization problem for reduced double Bruhat cells. In this section, 
we address the following factorization problem for L u,v : for any double reduced 
word i G R(u,v), find explicit formulas for the inverse birational isomorphism 
between L u,v and Cj , thus expressing the factorization parameters tk in terms of 
the product x = Xi{t\, . . . ,t m ) G L u ' v . 

Recall from jn], Section 1.5] that there is a biregular "shift" isomorphism (™' v : 
G u ' v — ► G u ' v . This isomorphism does not however send L u,v to L u > v , so 
we will use the following modification. 



Definition 4.6. For any u,v G W, the twist map ip u ' v is defined by (see (4.5)) 

(4.ii) r' v (x) = [(vxT 1 ]+v([u- 1 x] + y . 
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Theorem 4.7. The twist map ip u ' v is a biregular isomorphism between L u,v and 

J >0 >c 



L v ' u , and it restricts to a bijection between L"'q and L> . The inverse isomorphism 



is if> v ' u . 

Now let us fix a pair (u, v) e WxW and a double reduced word i = (i\, . . . ,i m ) 6 
R(u, v). Recall that i is a shuffle of a reduced word for u written in the alphabet 
[—1, — r] and a reduced word for v written in the alphabet [1, r]. In particular, the 
length m of i is equal to i(u) + £{y). For k € [1, m), we denote 

fc~ = max{Z : I < k, \ii\ = \i k \} > k + = Him{7 : I > k, \ii\ = \ik\} , 

so that k~ (resp. k + ) is the previous (resp. next) occurrence of an index ±i k in 
i; if k is the first (resp. last) occurrence of ±i k in i then we set k~ = (resp. 
k + = m + 1). 

For k £ [l,m], denote 

(4-12) u> k = Yl s -ii ' v <k = II 



/— m,...,fe /— 1,... ,k — 1 

ii<0 ii>0 



This notation means that in the first (resp. second) product in (4.12), the index I 
is decreasing (resp. increasing); for example, if i = (— 2, 1, — 3, 3, 2, — 1, — 2, 1, — 1), 
then, say, u>i — s\S2 and w<7 = S1S3S2 . Let us define a regular function Mk = 
M k ,i on L u ^by 

(4.13) M k (x) = M kti (x) = A v<k „ HUU > kW]ik] (r> v (x)) ; 

by convention, we set M m+ i(x) — 1 (by Theorem 4.7, i/j U:V (x) S L v,u for x £ L u ' v , 
hence A VUJiyUJi (ip u ' v (x)) = 1 for all i (see Proposition 4.3)). 

Now we are ready to state our solution to the factorization problem. 

Theorem 4.8. Let i = . . . ,i m ) be a double reduced word for (u,v), and sup- 
pose an element x 6 L u,v can be factored as x = (ti) ■ ■ • Xi m (t m ), with all tk 
nonzero complex numbers. Then the factorization parameters tk are determined by 
the following formulas: if ik < then 

(4.14) t k =M k (x)/M k+ (x) ; 
if ik > then 

(4-15) t k = Af -, * . r I] Mi(xr a ^-* • 

Mk(x)M k+ (x) b ^ k<i 

The following two special cases will be of particula r im portance for u s: ( u, v) — 
(e,w Q ), and (u,v) — (w Q ,e). In these cases, Definition 4.6 and Theorem 4.7 can be 
simplified as follows. 



Corollary 4.9. The twist map ip w °' e is a biregular isomorphism between L w °' e and 
L e,w ° (and also a bijection between £>g' e and £>q° ) given by 

(4.16) ^°' e (x) = {{wZ - l x]+y . 
The inverse biregular isomorphism ^> e ' w ° is given by 

(4.17) V w °{x) = ([xwZ]- [xwZ]oY ■ 



The formulas (4.14) and (4.15) now take the following form. 

Corollary 4.10. Let i = (ii, . . . , i m ) be a reduced word for w , and t\,...,t m be 

non-zero complex numbers. 
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(i) If x — x-i t (ti) ■ ■ ■ X—i m (t m ) then the factorization parameters tk are given by 

- 4 a,. (lp Wo > e (x)) 



where ip w °' e (x) is given by ( 4.16| ). 



(ii) If x — Xi 1 (ii) • • • Xi m (t m ) then the factorization parameters tk are given by 

1 



tk 



where ip e,w °(x) is given by (4.17). 



In general, Theorem 4.8 expresses the factorization parameters of an element x £ 
L u ' v as monomials in generalized minors of the twisted element ip u ' v (x). However, 
there are two important special cases when taking the twist is unnecessary. 

Proposition 4.11. Let i = {i\, . . . , i m ) be a reduced word for w . 

(i) If x = X-i t (t±) ■ ■ ■ x~i m (t m ) then the first and the last factorization parameters 
of x are given by 

( 4 - 18 ) *1 = "a " TT i *m = ^w u> im ,s im u im (x) , 

where u>i* = —w uji. 

(ii) If x — Xi ± (t\) ■ ■ ■ Xi m (t m ) then the first and the last factorization parameters 
of x are given by 

(A 1 + _ (x) _ A "^^°"^( X ) 

( ^ 1 ~ A fx) ' m ~ A (V) ' 

5. Geometric lifting and tropicalization 

5.1. Transi tion maps. Let i and i' be two reduced words of w . In view of 
Proposition 3.2, there is a bijective transition map 

Ri = (bi'^obi : Z^ ->Z£„ 

between the corresponding Lusztig parametrizations of the canonical basis B. Sim- 
ilarly, by Proposition 3.5, there is a bijective transition map 

RZ\ = cv o (c;)- 1 : Ci(Z) -» C S ,(Z) 

between the two string parametrizations of the dual canonical basis (the reason for 
the notation R_\ will become clear soon). 

It turns out that each component of a tuple R\ (t) or RZ\ (t) can be expressed 
through the components of t as a "tropical" subtraction-free rational expression 
(see Introduction). 

Example 5.1. Let g — sl% be of type A%, and let i = (1,2,1) and i' = (2,1,2) 
be the two reduced words for w a . The transition map R\ between two Lusztig 
parametrizations was computed in po| : the components of t' = R\ (t) are given by 

t[ = t 2 + t 3 - min (ti,t 3 ), t' 2 = min (ti,t 3 ), t' 3 = t\ + ti — min (ti , £3) , 
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which can also be written as 

t 2 t 3 



(5.1) 



ti + u 



t' 2 — [tl + £3] trop j t' 3 



trop 



h + h 



trop 



The transition map R_\ between two string parametrizations was computed in 
the components of t' = RZ\ (t) are given by 

t[ = max (t 3 , t 2 - h), t' 2 =tx + h, t' 3 = min (ti,t 2 - t 3 ) , 

which can also be written as 



(5.2) 



A 



t 2 t 3 



ht 3 + t 2 



, A 



[tit 



3jtrop, A 



trop 



ht 3 + 1 2 
t 3 



trop 



We now generalize this example by giving a geometric lifting for each of the 



transition maps R\ and RZ\ ■ To do this, we notice that by Proposition 4.5, for 
any two reduced words i and i' of a pair (u, v) of elements of W, there is a bijective 
transition map 



R\ = (xi') 1 o x\ 



that relates the corresponding parametrizations of the totally positive variety £>q . 
In particular, any two reduced words i and i' for w Q give rise to transition maps R\ 
and R~l (for the varieties and L™° ' e , respectively). We shall use the notation 

(i?| ) v for the transition maps defined in the same way but for the Langlands dual 
group L G instead of G. 

Theorem 5.2. (i) For any i, i' 6 R(u, v), each component of R\ (t) is a subtraction- 
free rational expression in the components oft. 

(ii) For any i,i' G R(w ), each component of (R\ ) v (i) (resp. (RZ\ ) v {t)) is a 
geometric lifting of the corresponding component of R\ (t) (resp. of RZ\ (t))- 

As in H and || Section 4] , Theorem ^(i) allows us to extend the definition of 
the totally positive varieties L^' from the "ground semifield" R>o to an arbitrary 
semifield K (see Introduction). To do this, we define C U,V (K) as the set of all 
tuples t = (t l )ieRt UiV \, where each t 1 = (t\, . . . ,t^) is a "vector" in K m (with m = 
£(u) +£(v)), and these vectors satisfy the relations t 1 — R\ (t 1 ) for all i, i' £ R(u, v). 

U (M >0 ) -» G given by t ^ Xi {t l ) is 
l >0 ) and 



Example 5.3. By Proposition 4.5, the map C" 
well-defined, and it is a bijection between C U:V ( 



Example 5.4. By Proposition 3.2 and Theorem (ii), the map that sends every 



canonical basis vector b G B to a tuple t with t 1 = fer (6) is a bijection between B 
and the set of all t e C e,w °(1tio V Y such that t 1 e Z> for all i e R(w Q ) (as usual 
in this paper, C e,w °(K) v stands for the set defined in the same way as C e,w °(K) 
but for the Langlands dual group). 



Example 5.5. By Proposition 3.5 and Theorem 5.2 (ii), the map that sends every 
dual canonical basis vector b* 6 i? dual to a tuple t with t~* = Ci(b*) is a bijection 
between # dual and the set of all t e £ u '°< e (Z 
i e R(w ). 



tro P ) v such that t~ l e C S (Z) for all 
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Using Examples 5.4 and |5.5| , we shall identify B (resp. £! dual ) with a part of 
£e,w a (Z trop ) v (resp. £ Wo ' e (Z trop ) v ). It is easy to see that the correspondence 
b i > 6 dual extends to a piecewise-linear map £ e ' lu ° (Z trop ) v -> £' t " ' e (Zt r op) v . Our 
next goal is to find a geometric lifting for this map. To do this, we consider the 



following modification of the twist maps ip w °> e and ^p e ' w ° in Corollary 4.9. Let us 
define the maps rj w °> e and rj e,w ° by setting (see (jOj)) 

(5.3) Tf°^ = T Wa O ^ W °> e , 7 ? e ^° = V 6 '"" O T Wa ■ 



an easy calculation shows that these maps are given by (see (4.3)) 



(5.4) r, w °> e (x) = [(w^x T )- 1 ]+, r, e < w °(x) = ([w^ -Wh)- 1 ^ - x x T ]_) - 1 



Theorem 4.7 immediately implies the following. 



Corollary 5.6. The map rj w °^ e is a biregular isomorphism between L w °' e and L e ' w ° , 
and it restricts to a bijection between L™° ' e and L>q ° . The inverse map is r] e ' w ° . 

Now we are ready to state our geometric lifting result. 

Theorem 5.7. The map rf°' e : (L>q' e ) v — > (L>q U °) v is a geometric lifting of 
b i ► ^ dua i_ j n other words, for any i, i' £ R(w ), we have 



(5.5) c 1 (6 i ,(t') dual ) = [{x^-orj^ ox v ) v (t')} 



trop 



(as before, the superscript v means that the corresponding varieties and maps are 
related to the group L G). 



Theorems 5.2 and 5.7 play crucial role in our proofs of the results in Sections |2j 
and ^|; in fact, they allow us to deduce combinatorial properties of the canonical 
basis from the properties of totally positive varieties. The appearance of i-trails is 
explained by the following evaluation of generalized minors. 

Theorem 5.8. Let 7 and 5 be two weights in the W -orbit of the same fundamental 
weight tOi of q, and let i = (ii, . . . ,i m ) be any sequence of indices from [l,r]. 

(i) A-y t s(xi(ti, . . . ,t m )) is a positive integer linear combination of the monomials 
t^ 1 ^ ■ ■ ■ t%? for all i-trails it from 7 to S in V u}i . 

(ii) A 7j( 5(x_i(ii, . . . ,t m )) is a positive integer linear combination of the monomials 
tj 1 '"' • • ■ ttr^ for all i-trails tt from —7 to —6 in V Uit . 



Theorem 5.8 has an important "tropical" corollary. 



Corollary 5.9. In the situation of Theorem 5.8, we have 



[ A 7 ,5(a;i (fi,..., t m ) )]tro P =min (/jc fe (7r)ifc) , 

k=l 



[A liS (x-i(ti, . . . ,t m ))]tro P = min (S d k {-n')t k ) , 

fc=l 

where it (resp. it' ) runs over all i-trails from 7 to 8 in V Ui (resp. from —7 to —5 
in V u .,). 
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5.2. Geometric lifting of Kashiwara's crystals. Let us recall the crystal op- 



erators fi : B —> B introduced in Proposition 3.E. In this section we compute a 



geometric lifting of the twisted operators fl :B — » S defined by f-(b) = {fi{b L )) L . In 



view of Proposition 3.3 (hi)), for every positive integer n, the operator {fl) n acts as 



follows on Lusztig parameters corresponding to any reduced word i' G R(w ) with 
■/ 

l m 1 ■ 

(fiT(bi'(tl, ■ ■ ■ )im-l>*m)) = ■ ■ ■ ,*m-l>*m + n ) ■ 

We consider the following geometric counterpart of this operator: for any c > 
define the bijection F> c ' : £>q ° — * Lt^J ° by 

(5.6) F t ' (xii (ti, . . . , t' m _i,t m )) = xy (t 1 , . . . , t m _i, ct m ) , 



where i' S R(w ) ends with i' Tl = i*. If i' e R(w ) does not end with i* then we do 
not have a nice formula for i^ c ^(ii/(^, ... ,t' m )). Our next result shows that such 
a formula exists for the bijection £>q' 6 — > £>o' e obtained by tran sferring i 7 "^ with 



the help of the bijection r/ 1 " ' 6 : £™q' g — > ^>o' (see Corollary 5.6 ) 



Theorem 5.10. Let i be a reduced word for R(w ), and let Tk = t k 1 Hi>fc 
for k = 1, . . . , m. Then 

( v e > w ° o F^ o e )(a;_i(ti, . . . , O) = x_!(ti, . . . , t m ) , 
where tk — tk unless ik — i, and 

, ~ Kk\ii=i l>k:it=i 

(5.7) ifc=ifc 



E r, + c E r, ' 

l<k:ii—i l>k:ii—i 



whenever ik = i. 



In view of Theorem 5.7, one obtains an explicit formula for the action of (/| 



on 23 in terms of the string parameters by tropicalizing (5.7) (and passing from G 
to L G as usual). 



Corollary 5.11. For a reduced word i € R(w ), define the linear forms T t 



Z m fork=l,...,m byT^{t) = -t k - E i>fe tH^fy. //c ; (6 dual ) = (ti,...,t m ) tfren 
c i((/i) n (^) dual ) = ■ ■ ■ >tm), where t k = t k unless i k = i, and 

tk + min ( min Tj v (i),n+ min T z v (i) 

,l<k:ii—i l>k:ii—i 



— min min T z (i) , n + min T 2 (i) 
whenever ik = i (with the agreement that minimum over the empty set is +00/ 



Remark 5.12. Theorem 5.10 is a starting point of a new concept of geometric 
crystals introduced and developed by one of the authors (A.B.) in a joint work in 
progress with D. Kazhdan. 
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5.3. Pliicker models. Following @, Section 4], we now consider the "variety" 
M. W °{K) of all tuples (M Wii7 ) of elements of the ground semifield K (for all i G 
[l,r], and 7 G Wwj) satisfying the relations in Proposition (with u = e, and 
each generalized minor A Wi 7 replaced with M Wii7 ). We shall show that each 
of the varieties C e ' Wo (K) and £ l0o ' e (i ; C) is in a natural bijection with a part of 
M W °(K). To define these injections, we use Theorem [3^, which assures that both 
t 1— » A 7) j(a;i(ti, . . . , t m )) and i 1— > A 7i< 5(a;_i(ti, . . . , t m )) are well-defined mappings 
r^XU {0} for any semifield K. 

Theorem 5.13. (i) For every semifield K , the correspondence 

p+ : t ^ (M Uin = A^^ixii?))) 

(where i G R(w )) is an embedding of C e ' w °(K) into Ai w °(K). The image of p + 
consists of all tuples (M Wi , 7 ) £ M W °(K) such that M ulitUJi = 1 for all i. 
(ii) The map p~ : t (M Wi7 = A 7 ^ is an embedding of C Wo,e (K) into 

A4 W °(K). The image of p~ consists of all tuples (M Ui ~) G M W °(K) such that 
M Ui)WoUi = 1 for all i. 

We will refer to the m aps p + andp~ as Pliicker models of C e,w ° (K) and C w ° ,e (K). 
Specializing Theorem 5.13 to the tropical semifield K = Z tr0 p, we obtain embed- 



dings p+ op : B -» M w °(Z tmp ) v and p t - rop : £ dual X"-°(Z trop ) v . (As before, the 
variety M w °(K) y corresponds to the Langlands dual group L G.) Our next task is 
to describe the images of these embeddings. To do this, we notice that for every 
7 G WuJi \ {oJi}, there is a naturally defined function M SiUJul : A4 W °(K) — > A"; 
it can be obtained as a subtraction- free expression in the components M u .s by 



iterating the identity (4.7) (with A replaced by M) and using the boundary con- 
dition M aiUi>u)i = 0. An explicit formula for M SiUJin can be given as follows: let 
7 = uu>i = Sj x • • • Si t u)i, where . . . ,ii) is a reduced word for u G 14 7 such that 
il = i; then we have 

(5.8) M s ., , M w .. £ 1 UMZX-w ■ 

7 ^; IV1 i^i,Sii ■■■Si, UJi 1V1 LJi '■■Si, . - , . 

k<l ' 1 ' 1 £ fc-l 



Theorem 5.14. (i) T/ie image of the embedding p^ Iop : B — > A^ 1 " (Zt 1 op) v consists 
of all integer tuples (M u y i7 ) G A / C" (Zt r0 p) v swc/i £/iai M w y iW y = and M u y iSiU) y > 
/or aZZ i. 

(ii) T/ie image of the embedding p^. op : i3 dual — > A / J'"' (Z tr0 p) v consists of all integer 
tuples (M w v 7 ) g A'f 1 " (Z tr0 p) v sitc/i t/iaf M^y^^y = and M SibJ y WobJ y > /or 
aH i. 

The tropical Pliicker models just constructed allow us to give two "universal" 
polyhedral expressions for the tensor product multiplicities. 

Theorem 5.15. For any three dominant weights A, /1, v for q, the multiplicity v 
is equal to the number of integer tuples (M u y )7 ) G A / J u,0 (Z tr op) v satisfying the 
following conditions for any i G [l,r]: 

(0) Af^v^v = 0; 

(1) M^y^y > 0; 

(2) M u y, WoU y = (A + v - 

(3) M s<a) y iWo v > (s,A + 1/ - a*)(w< v ); 
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(4) M u v tWoSiU v > (A + s^-/i)(^ v ). 



Theorem 5.16. For any three dominant weights A, /i, v for q, the multiplicity v 
is equal to the number of integer tuples (Af w v ) g A4 w °(Z tr op) y satisfying the 
following conditions for any i S [l,r].' 

(0) M u v iWoU v =0; 

(1) M, 4W v ittotl ,v > 0; 

(2) M w v iU v = _(A + i/-/i)( w y); 

(3) Af^v^^v > -A(aV»); 

(4) M w y y > -( Si X + v- 8m)(wX). 



6. Proofs of results in Section 



Proof of Proposition 4.3. Any element of the Bruhat cell BuB can be written 
as x = n\uan2 with a G H and n\,U2 G -/V. Here the element a is uniquely 
determined by x, and we have a = \u _1 s]o- Thus the condition that x G NuN 
is equivalent to [u _1 x]o = 1. This in turn is equivalent to the condition that 
&uwi,ui ( x ) = ([u ^ 1 x}a)^ = 1 for all i G [l,r]. □ 



Proof of Proposition 4.5. In view of |jll|, Theorems 1.2, 1.3], we only need to 
prove that the image #i(C™ ) is contained in NuN. Trivially, xi{t) G N for any 
i G [l,r]; using the commutation relation |ll], (2.13)], we also see that 

x- t (t) = Vi(t)t- a * = Xiit-^TiXiit) G Ns-N . 

Using induction on £(u) + t[v), it only remains to show that ~slNw C NstwN for 
any w G W such that £(siw) = £(w) + 1. For any n G AT, we have 

sins! _1 = n'yi{t) 

Furthermore, the condition £(siw) = £(w) + 1 implies 



for some n' G N and t G 
that 



:= Sjiy 1 yi{t)siW G A . 



Therefore, we obtain 



Sinw — n'yi(t)siW — n'siwn" G NsiwN , 



as required. 



□ 



Proof of Theorem 4.7. Comparing (4.11) with |Ll| Definition 1.5], it is easy to 
show that 



(6.1) 



^"(x) = {C' v (x)f = C 



V) 



for any x G L u,v ; here Q w ' v is a biregular isomorphism between G u ' v and G u ,v 
(see |ll|, Theorem 1.6]), and x i— > x T is the "transpose" antiautomorphism of G 



given by ( |4.3j ). It is also clear from f J4.HD that ip u ' v (x) G NvN. Therefore, ip u ' v 
sends L u,v to L v ' u , and our theorem becomes a consequence of [[ll], Theorems 1.6, 
1.7]. □ 



Proof of Theorem 4.8. In order to distinguish our present notation from that in 



(TTJ, let us denote by Xi the product map H x C^ -> G 11 ^ defined in |y, (1.3)]. 
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Using (4.9) and commutation relations JTl| , (2.5)], we can rewrite x = x\(t\, . . . , t m ) 
as x = Xi(a;t[, . . . ,t' m ), where 



a = n h a ~ ik 



k:i k <0 



and 
(6.2) 



t'k = h 



l>k 
h<0 



I 



here e(i) denotes the sign of i, i.e., e(i) = ±1 for i £ ±[1, r}. 

Now to prove our theo rem, o ne on ly has to substitute into (^2) the expressions 
for the ti given by ( 4.14 ) and ([4.15| ), and to verify that the resulting expression 
for t' k agrees with fll[ ( 1 . 18)1 - This is done by a straigtforward check that we 
omit (notice that the function Ai^(x') in (ll], (1.18)] is our present Mi(x), and 
that An+ijx') = A VUj>Uj (iP u ' v (x)) = 1 for any j 6 [l,r], since ^ v (x) e L v > u by 
Theorem 4.7). 



□ 



Pro of of Proposition [4. 1 lj . To compute minors on the right-hand sides of ( |4. 18|) 
and ( 4.19 ), we shall use |)| Lemma 6.4 (b)] which says that 

i v 

i (sj 1 ■■■Sj k l a jk ) 



(6.3) 



k=l 



for any i € [l,r], w € W, and j = (ji, . . . , ji) € R(w). This formula (with j = 
(ii, . . . ,i m )) directly applies to the two minors in the numerators in (4.19). To 
compute the second denominator in ( 4.19| ), we notice that it is equal to 



A 



(x) 



(x^ih) ■ ■ ■^i m _ 1 (t rn -l)) 



(since s; m w %4 m (t m )si m w 6 N), and so it is given by (6.3) for j = (ii, . . . , i m -i)- 
This implies the formula for t m in (4.19). 

To compute the first denominator in (4.19), we shall use the antiautomorphism 
t Wo of G introduced in (4.4). It is easy to see that 

(6.4) TiD (a;ii(*i) ' ■■x im {t m )) = Xi^{t m ) ■ ■ 'Xi>{t\) 

for any sequence . . . , i m ) of indices from [1, r]. Using ( |4.6| ), we can now rewrite 
the first denominator in (4.19) as 

^Sj, LUi ± ^w u>i, (^) — A Ui ^ ,u) Q Si 1 cd*, (*^i^ \Pm ) ^i* (^1 )) 

and then compute it by using ( |6.3| ) with j = (i* n , . . . , i^). This implies the formula 
for t x in ( [4.19^. 

To prove (4.18), we shall use the following lemma. 

Lemma 6.1. For any sequence (ii, . . . , i m ) of indices from [1, r], and any general- 
ized minor A 7j< 5, we have 

— a v — v 

(6.5) (x- it (ti) • • • x- im (t m )) T = t l 11 ■■■ t m ,m x im (t' m ) ■ ■ ■ x h (t[) , 
and 

m 

-<*«) 



(6.6) A 7j5 (a;_ n (h) ■ ■ ■ x- lm (t m )) = ]^[ t k 



A Sn (x lm {t' m )---x ll (t' 1 )) , 



k=l 
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where the t' k are given by 
(6.7) 



IK 



Kk 



Proof. The equality (6.5) follows from ( |4.9| ) and commutation relations pi| 
The equality (|6.6D is an immediate consequence of (3.5) and (4.2). 



(2.5)]. 
□ 



Using Lemma 6T, we deduce the computation of the minors in ( 4. IS ) to the 
computation of "transpose minors" evaluated at the product Xj m (t' m ) • ■ ■ x^ (t\ ). 
The latter minors are computed in the same way as above, and (4.18) follows. □ 



Remark 6.2. Although we do not need it in this pap er, we would like to give an 
explicit formula for the inverse transformation in (6.7): 

(6.8) tk = t' k -l[t' l - Q ^-i- s * i+ i Q P . 

Kk 

The fact that transformations in ( |6.7j) and (5^8) are inverse of each other is proved 
by a straightforward calculation. 



7. Proofs of results in Section 5.1 



that d is the order of SiSj 
determined from the Cartan matrix as follows: if a^aji 



We start by recalling the classical Tits theorem about reduced words in Coxeter 
groups. We call a d-move a transformation of a reduced word (for some w G W) 
that replaces d consecutive entries i, j,i, j, . . . by ... , for some i and j such 

Note that, for given i and j, the value of d can be 

(resp. 1, 2, 3), then 
d = 2 (resp. 3,4,6). The Tits theorem says that every two reduced words for the 
same element of a Coxeter group can be obtained from each other by a sequence of 
d-moves. 

Applying this to the group W x W, we conclude that every two double reduced 
words i, i' 6 R(u, v) can be obtained from each other by a sequence of the follow- 
ing operations: positive d-moves for the alphabet [l,r], negative d-moves for the 
alphabet [— 1,— r], and mixed 2-moves that interchange two consecutive indices of 
opposite signs. Furthermore, if i and i' are related by one of these d-moves then 
the transition map R\ only affects the d entries involved in the move; and the 
restriction of R\ to the corresponding segment of t € R> is the "local" transition 
map R^j'f". In this section, we give explicit formulas for these local transition 



maps. 



We shall write h' 1 , ] '/ 



— ,td) 

Pi , . . . , pd are related by 
(7.1) Xi(ti)Xj(t2)xi(ta)'- 



ipi 



,Pd)] thus the tuples ti, 



,t d and 



Xj(pi)x t {p 2 )xj(p 3 ) ■ 



The transition maps for positive d-moves (i.e., for i,j G [1,^]) were computed in 
U Theorem 3.1]. For the convenience of the reader, let us reproduce these results 
here. 

Proposition 7.1. Let i,j £ [l,r], and let d be the order of SiSj in W. Then the 



transition map in (7.1) is given as follows: 

(1) Type A\ x A\\ if ay = Ojj = then d~2, and 

Pi = t 2 , P2=h . 
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(2) Type A 2 : if aij = aji = — 1 then d = 3, and 

*2* 3 tit 2 
Pi = - — — r > V2 = h + i 3) p 3 



ti + i 3 ii + i 3 

(3) Type £?2' */ay = —2, = — 1 i/ien d = 4, and 

£2^3*4 7T2 7Ti tit 2 t 3 

Pi = > P2 = — , P3 = , Pi = , 

TT 2 7Tl 7T2 7Tl 

TTi = M2 + (ij + i 3 )i 4 , tt 2 = ifi 2 + (ii + £ 3 ) 2 i 4 ■ 

(4) Type G2: i/fly = —3, aji = — 1 £/ien d = 6, and 

7T37T4 7 

7T4 TTl t\t^t^tit^ 

w/iere 

TTi = ht^jh + t^h + t 5 ) 2 t 6 + (h + t 3 )t 4 tlt 6 , 
tt 2 = i^lt|t 4 + t?i|(t 3 + is) 3 i 6 + (^i + t 3 ) 2 t!iii 6 

+ HHUtihi'ihh + 2£§ + 2£ 3 £ 5 + 2i x t 5 ) , 
vr 3 = i?i|ili 4 + *?* 2 (*3 + h) 3 t 6 + (t x + * 3 ) 3 <M*6 

+ iii 2 i4isi6(3iii3 + 3£§ + 3£3£s + 2£iis) , 
7T 4 = ii*|*3*4(*i*2*3* 4 + 2£i£ 2 (£ 3 + 1 5 )% + (3£i£ 3 + 3£§ + 3£ 3 £ 5 + 2£i£ 5 )£4£|£ 6 ) 

+ ii(iii 2 (i 3 + h) 2 + (i x + h)t A tlf . 

(5) Furthermore, in each of the cases (l)-( 4) a bove, if we interchange a^ with aji 
then the corresponding transition map in (7.1) is obtained from the given one by 
the transformation p k — ► Pd+i-k, tk — > irf+i-fc- 

The transition maps for mixed 2-moves are given by the following proposition 
which is an immediate consequence of commutation relations JO], (2.5), (2.11)]. 

Proposition 7.2. For any i,j 6 [l,r], we have Xj(tx)X-i(t2) — X-i(jpi)Xj(p 2 ), 
where 



for i 7^ j , and 



Pi = ti, P2 = il* 2 



1 111/ 1 

- = ti + -, — = - i + — - 

Pl i2 P2 £ 2 V '1*2 



/or i = j. 

Finally, the transition maps for negative d-moves are given as follows. 

Proposition 7.3. Let i,j 6 [—1, —r], and let d be the order of suisiji in W. Then 

the transition map in (7.1) is given as follows: 

(1) Type Ai x A\'. if au\u\ — o>\j\M\ — then d — 2, and 

Pi = h, P2 = *i • 
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A 2- 


*/ a HI,lil - 


\'j\ * — t/'tCwt ti — O, UillU, 








1 

Pl 


1 ti 

= — + — , = M3, P3 = * 


1 + h 


(3) Type 


B 2 : 


ifa\i\,\j\ = 


— 1, du'iiji = —2 i/ien d = 4. 


and 






i _ ti 

Pl *2 


1*2.1 i _ i ( *2 , l N 

t 3 *4 " P2 *1 V *3 *4 , 


) 2 +* 






P3 = t 2 - 


f^ 4 + 4r> P4 = ti + * 3 (| 


+ f) 2 

*4 ' 


(4) Type 


G 2 : 


ifa\i\,\j\ = 


— 1, oiji i»i = —3 then d = 6, 


and 



J_ 

Pl 



J_ 

P2 



P5 

Pa 



fx+t 3 (| + i) 2 + | + i 
■lh ( - - ^ ) + f (ta( 



3/, 2 / 1 

tats 



*a 
3t 2 _ 

*3*6 



*4 

3 

*4*6 



i)2 + *4 

*4 7 T is 



_2_ 

*5 ! 



i i+ i §(ft + i7) 3 + i 5(f7 + t 7) 3 + ^ 



3t.> 

*6 



* + 
4 



*5 

*5 



2t 3 *6 
*B : 



>*3 *4 ; ° V *5 *6 ' *5 

t/ie two middle components pz and pi are determined from two additional relations 

P1P3P5 = t 2 t±t e , p 2 piP6 = ht 3 t 5 . 

(5) Furthermore, in each of the cases (l)-(4) a bove , if we interchange o,u\,\j\ with 
d\j\,\i\ then the corresponding transition map in (7.1) is obtained from the given one 
by the transformation pk — ► l/pd+i-k, tk — » 1/td+i-k- 



Proof. Each of the f orm ulas in Proposition 7.3 follows from the corre spon ding 
formula in Proposition 7.1 by applying the map x i— > x T to both sides of (7.1) and 
using (3.5). □ 



Proof of Theorem 5.2. Part (i) of Theorem 5.2 follows from the Tits theorem 
and Propositions 7.1, 7.2 and [7J^ since all rational expressions appearing there are 
subtraction-free. As for part (ii), it is enough to check it for the rank 2 case when 
the "geometric" transition maps Rfj'f'" are given by Propositions 7.1 and |7.3| . 

The case of A\ x A\ is obvious, and the case of A 2 is obtained by comparing the 
expressions in (5.1) and (5.2) with the corresponding expressions in Propositions [7.1| 
and [PI- 

The transition maps for string paramctrizations for the types B 2 (or C 2 ) and G 2 
were found in |fl8|, [22]] ; our theorem is then proved by direct comparison of these 



formulas with the ones given by Proposition 7.3 



For the Lusztig parametrizations, our proof is even less computational (but still 
mysterious). First of all, the statement for types A\ x A\ and A 2 implies that it is 
true for any simply-laced type. The transition maps for Lusztig parametrizations for 
the type B 2 were found in [|l9| using the following strategy. Let an = —2 and 021 = 
— 1, i.e., a 2 is the long simple root. Lusztig (implicitly) claims that the transition 

1212 • • ■• 213213 

map -R2Y21 f° r type B 2 is obtained from the transition map R132132 f° r type 
A3 (with the standard numeration of simple roots) by the following procedure: 

^2!l!2ll(*l'*2,*3,*4) = (P!,P2,P3,Pi) 



& R{ 



2,1,3,2,1,3 
3,2,1,3,2 



(*1,*1,*2,*3,*3,*4) = (P1,P2,P2,P3,P4,P4) 
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2!) 



2X3213 

Using our statement for type A3, we see that -Ri'3'2'1'3'2 is the tropicalization of the 
geometric transition map ^VsYi'sV -^ u ^ then the equality 

""2 1 3 2 13 

^l^V^* 1 '* 1 '* 2 '* 3 '* 3 '* 4 ) = (PliP2,P2 i P3,P4,P4) 

^2121 ^2121 

is easily seen to be equivalent to -RiYi'aC*!: *2, £3, £4) = (pi,P2,P3,P4), where i2i'2'i'2 
is the geometric transition map for £2, with the same convention as above: 02 is 
the long simple root. This proves our statement for the type B2 (notice that the 

1212 ^2121 ""1212 \/ 

geometric lifting of -R 21 Yi ^ s = (^2 iVi) i which explains the necessity of 

passing to the Langlands dual group) . 

Now for the type G2 one can use the same argument, with A3 replaced by D4. 
This concludes our proof. □ 



Proof of Theorem |5.7| . Let us denote the left hand side of (5.5) by F\^{t'). We 
consider each F^i as a map from Z> to Z m . The following properties of these 
maps are immediate from the definitions: 

(1) F M /(0, . . . , 0) = (0, . . . , 0) for any i, i' £ R(w Q ). 

(2) F M </ = RZ\, o F vr = Fi, v o R{„ for any i, i', i" £ i?(u> ). 
The next property is less obvious: 

(3) For any two reduced words i and i' for w Q such that i[ = i\, the first compo- 
nent of . . . ,t' m ) is equal to t' 1: while all other components only depend on 
/' t' 

2 ' * * * ' Tft ' 



The statement about the first component follows from (|3.2|) and Proposition 3.2 



(ii). The statement about other components follows from properties of the crystal 



operators /j : B — > £> in Proposition 3.6 (i). Indeed, if = ii then Fi^/ commutes 
with the shift operator T\ which acts on Z m by adding 1 to the first component of 
a vector. 

We now claim that the above properties uniquely determine the family of maps 
Fiji. More precisely: if a collection of maps : Z> — > Z m satisfy properties 
(l)-(3) then F hV {t') = Ci{b v {t') AuaA ) for any i, i' £ i?(u>o) and any £' e Z5 l . 

First of all, the equality F^yi — F- ly i> o i?|„ in (2) implies that there exists a 
collection of maps Fi : B — > Z™ 1 such that Fij/ = Fj o 6j/ for any i, i' S R(w Q ). 
It remains to show that F\(b) — Ci(6 dual ) for any i £ R(w ) and b £ B. By (1), 



this is true for 6=1. lib ^ 1 then, by Proposition 3.6 (ii), b — fi(b') for some 
i £ [1, r] and b' £ B. Pick any i' with i[ = i. Using induction on the weight of b, we 
can assume that F v {b') = c v {b' dual ). By (3), this implies that F v {b) = c ; ,(6 dual ). 
Finally, the first equality in (2) implies that Fi(b) = Ci(6 dual ) for any i £ R(w D ), as 
required. 

To complete the proof of Theorem 



5.7, it remains to show that the functions 



Fi,v(t) given by the right hand side of ( p.5| ) satisfy the same properties (l)-(3). To 
prove (1) notice that [<9]trop(0, ■ ■ ■ , 0) = for any subtraction-free rational expres- 
sion Q. Property (2) follows from Theorem |5.2| (ii). Let us prove (3). 

Fix two reduced words i and i' for w such that i[ = i\. Let t' x , . . . , t' m £ R>o, 
and let 

x = Xi>(ti, . . . ,t m ) £ F> °, x = r/ c ' w ° (x ) — x-i(ti, . . . , t rn ) £ L > g' . 
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We need to show that t\ = t' x , and, for fe = 2, . . . , m , that tk does not depend on 
t' x . Remembering (5.3) and combining Corollary 4.10| (i) with (4.6), we obtain 

Afi^, ■■■Si, . Ui, ,W LUi, {x ) 

(7.2) t k = A 1 - 1 h ' 

*-*Si, ■■■Si.Uli, ,W UJi, \X ) 



for any k = 1, . . . , to. The equality t\ — t[ now follows by comparing (7.2) for k = 1 
with the first equality in ( |4 .19 ). Furthermore, if k > 1 then both minors in ( [7.2[ ) 
are invariant under the transformation x' i— > Xi x (t)x for any t since both elements 
s i k -i ' ' ' s h an d Si k ■ ■ ■ Si t send to a negative root; it follows that tk does not 
depend on t[, and we are done. □ 



Proof of Theorem |5.8| . First let us show that (ii) follows from (i). Indeed, using 
([3i]) and the first equality in (|4.6|) , we see that 

m v 

A 7 ,j(l-i(fl,..,fJ) = n^ Kfe) • A -7,-«( a; i(*i'---.*m)) . 
fc=l 

where the ij, are given by ([T?]). Computing the minor on the right hand side with 
the help of (i), we obtain the sum of monomials corresponding to i-trails w from 
—7 to —5; the exponent of tk in such a monomial is equal to 



= (-,5 + ^Q(7rK+ Cfe (7r)^)«) . 

Substituting Ci(7r)a^ = 7;_i —7; and remembering the definition (2.2), we conclude 
that the latter exponent is equal to dfc(7r), as required. 

For the proof of (i) we need a little preparation. Consider the ring of regular func- 
tions <C[G] as a G x G- representation under the action (51, <72)/(#) = f(gf x 92)- We 
denote by / 1— » (tti, U2)/ the corresponding action of i7(g) x f/(g), where E/(g) is the 
universal enveloping algebra of g. For every / £ C[G], the function f(xi(t%, . . . , t m )) 
is a polynomial in ti, . . . , t m , and the coefficient of each monomial i™ 1 • • • is equal 
to ((1, e^" 1 " 1 ■ • ■ e|™'"' ) )/)(e), where e stands for the identity element of G, and ej 
stands for the divided power ef/n\ (cf. |, Lemma 3.7.5]). If / is (bi)-homo gcncous 
of degree (7,7') then /(e) can be nonzero only if 7 = 7'. It follows that if de- 
gree of / is (7, S) then f(xi(ti, . . . , t m )) contains only monomials i™ 1 • • • ij^ m with 

Efc n k^ k =1-5. 

Returning to generalized minors, we notice that A 7j ^ has degree (7,(5) (see 
(p~2])), and belongs to the submodule V UitUi of C[G] generated by the highest 
weight vector A UitU!i . Furthermore, A lt s spans the weight subspace Vu UU)i (7, S), 



m 



and we also have A 7i7 (e) = 1. It follows that the coefficient c of t™ 1 ■ ■ -i™ 
Ary t s(xi(ti, . . . , t m )) can be found from the equality (1, e,-™ 1 ' ■ • • e|" m ')A 7i 5 = cA 7i7 . 
Applying the element (u T ,e) G G x G to both sides of this equality, we see 
that (1, e^™ 1 ^ • • • e^ nm ^)A Uii <5 = cAu (i7 . Remembering Definition 2J, we see that 

A 7i g(xi(ti, . . . , t m )) consists precisely of the monomials t^ 1 ^ ■■■t%?^ n ' for all i- 
trails 7T from 7 to S in V Ui . It only remains to show that, for every such i-trail tt, 
the corresponding coefficient c is a positive integer. 

Let us consider the [/(g)-module structure on C[G] given by uf = (l,u)f. Un- 
der this action, A Ui Ui is a highest weight vector, and it generates the submodule 
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isomorphic to V UJi . Each minor A Wi!7 is an extremal vector of weight 8 in this sub- 
module normalized in such a way that uA 



is a monomial in the divided powers ejj (see |l]J, Lemma 2.8]). We also have 
A Ui .s = u' A uluUi for some vl S U(g) which is a monomial in the divided powers 

The equality e (7r) A w<il5 = cA Uin 
. H , This shows that part (i) of 



Wj ,7 = A^,^, for some u 6 t^(g) which 



/J™ • Let us abbreviate - 
can be now rewritten as ue^u'A 



Theorem 5.8 is a consequence of the following statement. 



Lemma 7.4. If u £ U (fl) is a monomial of degree m i/ie divided powers of the 



elements e, and /, £/ien wA^ 



/or some nonnegative integer c. 



Proof. To see that c G Z notice that the commutation relations in ?7(g) between 
divided powers of the fj and ej involve integer coefficients only. It remains to show 
that c > 0. First consider the case when g is simply-laced, i.e., |oy| < 1 for i ^ j. 
Then the nonnegativity of c is a consequence of 1 20 , Theorem 4.3.13]; to be more 
precise, one applies the dual version of this result that says that each generator Ej 
or Fj of U q (g) acts in the dual canonical basis in V UJi by a matrix whose entries are 
nonnegative integer Laurent polynomials in q (cf. 0). 

If g is not simply-laced, we use a well known embedding of g into a simply-laced 
complex semisimple Lie algebra g. This embedding can be described as follows: if 



g has Chevalley generators /-■, aY, 
a subalgebra g have the form 



and ei for i e / then the Chevalley generators of 



where the subsets Ii G I are disjoint, and no two indices from the same /, are 
adjacent to each other in the Dynkin diagram of g. 

The embedding g C § allows us to identify any fundamental g-module V LUi with 
the fl-submodule generated by a highest vector of a fundamental g-module for 
any isJj. Since any monomial in the e, and /j is a sum of monomials in the e- and 
/j, the desired inequality c > follows from the corresponding claim for g. This 
completes the proofs of Lemma 7.4 and Theorem 5.8. □ 



Remark 7.5. In general, we do not know of a nice formula for the coefficients of 
the monomials in Theorem |5.8| . In some special cases these coefficients can be found 
with the help of the following formulas which are easy consequences of the above 
proof: A lt 5(xxi(t)) = A~ fi g(x) for any x € G and t € C whenever 6(aY) > 0; and 
Arf t s(xxi(t)) — A.y,s(x) + tA^ iSi s(x) whenever S(a^) = — 1. 



Proofs of results in Sections 2.2, 3.3, 5.2 and 5.3 



We start with the proof of Theorem 3.7; the rest of the results will follow quite 
easily. 

Proof of Theorem 



In view of Theorem p.7| and Corollary 5.E, part (i) of 



Theorem 3.7 is obtained via the tropicalization of (7.2) (with each fundamental 
weight u>i replaced by u^) 

To prove part (ii), let us first rewrite conditions (1) - (4) in Theorem [2.2j in terms 
of the element x^{t\,..., t m ). 

Lemma 8.1. Each of the conditions (1) - (4) in Theorem \2. !\ is equivalent to the 
corresponding condition in Theorem 5.1^ with M 1 ,s — [A^ i s{x-f (t%, . . . ,t m ))]trop- 
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Proof. For conditions (3) and (4), the claim follows from Corollary 5.9. By the 
same theorem and the definition of i-trails, we have 



[A. 



t (a:i(fi, . . • ,t m ))]tro P = mintfe , 



whic h proves our claim for the condition (1). As for (2), our claim follows from 
([T^) (see also Corollary below) . □ 

Our second step is to rewrite the same conditions in terms of the element 

Tf'^y (*!,...,;,„))■ 



Lemma 8.2. The four conditions in Lemma \8. i| are equivalent to conditions (1) 
(4) in Theorem \5.1(\ with M 7j « = [As,~f{r] e ' w °{ x i (ti, ■ ■ ■ > *m)))]trop- 



Proof. Let us establish some identities between generalized minors of an element 
x' 6 L c%w ° and those of x = n e ' w °(x') G L w °' e : for any i G [l,r], we have 



(8.1) 
(8.2) 



1 



,(*) 



(8.3) 



(X 1 ) 



x W n S.;* Id;* .UJ 



A. 



,(*) 



(8.4) 



(x') = A SiWitWi (x)Y[A UjtU 
The identitie s (|8 . l[ ) are equivalent to [a;]o = {[x'w^]o 



which is an immediate 



consequence of ( |5.4[ ). As for ( ^.2[ ) - (8.4), they follow by equating expressions (4.18) 
and ( 4.19| ) with the corresponding expressions i n Co rollary 1.1C| . For example 



is obtained by equating the first expression in (4.19) with the one in Corollary |4. 1 0| 
(ii) for k — 1 (note that in these formulas, one has to replace x with T Wa (x)). 

Our lemma is now obtained by a straightforward c alcul ation (in which one applies 
the above for mula s to the g roup L G). For example, (8.1) shows that conditions (2) 



in Theorems 5.15 and [5.16| are equivalent to each other 



□ 



To complete the proof of Theorem 3.7 (ii), it remains to show the following: 
if in Lemma 3.2 we replace xY(tx,... ,t m ) with x^(t' 1: . . . ,t' m ) and write the el- 
ement n e,w ° (xy,(t[, . . . ,t' m ) as x^_i(ti, . . . ,t m ) then the conditio ns in Lemma 3.2 
become equivalent to the corresponding conditions in Theorem 



2.3 



This is done 

in a straightforward way by e xpanding each expression [A<s )7 (:r^j(ii, . . . , tm))]trop 
with the help of Corollary 5.9. □ 



Proof of Theorem |3.8| . In view of (3.2), the function U{bi{ti, . . . ,t m )) can be 
computed by using a special case of (3.3) with k — 1 (one also needs to interchange 



i with i', and t w ith t' there). It remains to notice that in this situation, the first 



minimum in (3.3) becomes ^ fe 
below) . 



Si k -. 1 &i k i^i) tk by (|6.3D (see also Corollary p. 5 



□ 



Proof of Theorem 3.9. Let us again consider two elements x and x' given by 



xv(ti, . . . , t m ) G L 



>0 
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x = r } e < w °(x , )=X- i (t 1 ,...,t m )eL™° ' e . 

Then each t' k is a subtraction- free rational expression in t\, . . . ,t m , and these expres- 
sions can be found with the help of Corollary 4.1C (i). In general, these expressions 
are a little cumbersome but for k = 1 or k = m they can be simplified by using 



(4.1£) and (8.1) - (B.4); this was essentially done in the above proof of Theorem 



For example, here is the answer for t' r 
(8-5) (fj- 1 



E 



l>k 



Formulas (3.5) and (3.6) are obtained by "tropicalizing" these expressions with the 
help of Corollary (and passing from G to L G as usual). □ 

Proof of Theorem |3.10| . In the course of the proof of Theorem [3j], we have shown 
that if t = Ci{b\i (f') dual ) then the nonnegativity of all Lusztig parameters t' k (i.e., 
condition (1) in Theorem 2.2) is equivalent to the fact that the string components 
tk satisfy inequalities (1) in Theorem 2.3. This is precisely what we need to show. 
□ 

Remark 8.3. 1. The above argument not only provides an explicit description of 
the string cones but actually proves their existence thus providing an independent 



proof of Proposition 3.5 



2. The above argument also implies that the string cones C\ can be characterized in 
terms of the transition maps RZ\ as follows: C; consists of all t £ M. m such that, for 

any i' £ R(w ), the last component of (t) is nonnegative. This characterization 
was used in pM, where the string cones were explicitly described for type A r . 



Proof of Theorem 2.2. Taking into account Proposition 3.3 and Corollary 3.4, 
our statement is an easy consequence of Theorem 3.8. □ 



Proof of Theorem 2.3 



This is a consequence of Theorems 2.2 and 3.7 (ii). □ 



Proof of Theorem 5.10. Let x — X-i(t±, . . . , t m ) S L™° ' e , and x = {rf< w ° o P. 



rf°> e ){x) = x-i(h 



t m ). Let x' — r] w °- e {x) 6 i>o°- In view of (|5.6|), we have 
x = rj e - w °(x r ) and x — rj e ' w °(x'xi*(t)), where t = (c— l)t' m . By (B.5), we have (in 
the notation of Theorem |5.1CQ : 

(8.6) r^Cc-i)- 1 ^^. 

I'.il— i 

Our goal is to express each tk in terms of t\,.. . ,t m . To do this, we combine 

x'xi* (t)) 



(7.2) with its counterpart for x 

tk = — 7 



■Si, UJi, ,W UJi 



\x' Xl ,{t)) 

Since {w Ui h ){ot(») — —5i ht i, it follows from Remark |7.5| that tk — tk unless ik = i; 
furthermore, if ik = i then 



tk 



t-^ + i 



•Si, Ui,W Q UJi 



■Si, U>i ,W SiUJ 



(x') + tA Sii 

(^)/A, n ... 

(^0/A Sil 



Si, UJi,W,,8iUJ 



(x') 



, UJi ,W o Si0J 



, UJi ,W UJ 



(x>) 



••Si, UJi ,W UJ. 



(x>) 
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We claim that 
A 



(8.7) 



S-i, ---Si, , LJi,W SiUJ 



M 1 ) 



E ^ 



x Si, ■■■Si, UJi,W SiLU 



(x>) 



l>h'. 



o U)i \p£ ) 



E 

l>k:ii—i 



the desired equality fl5.7| ) then follows by plugging these expressions together with 
the one in (3.6Hnto the above formula for t k- 

To prove ( p77|) , we use the iden tity ( |5.8| ) with each variable M 7) a replaced by 
A*f,s{T Wa (x')) = A Wo s,w j(x') (see (16)). We thus obtain 



Si 1 ■■■Si k _ 1 UJi,W UJ 



E 



J>fc: j . 



^Si 1 ■ ■ -Si, 1 UJi ,w o 0Ji y& 



■Si, UJi .U'oo,',- 



/\-a« 



As an easy consequence of (7.2), here the summand corresponding to each index I 
is equal to T); this proves the first equality in (3.7). Th e sec ond equality is proved 
in the same way. This completes the proof of Theorem 5.10| . □ 

Proof of Theorem 5.13| . The proof follows that of ||, Theorem 2.7.1]. Let us 

sketch the proof of part (i); the proof of (ii) is the same. Let J\4 W °(K) + denote the 
set of all tuples (M Ui 7 ) € A4 W °(K) such that M Ui>Ui — 1 for all i. It is clear that 
p + is a well-defined map £ e - w °(K) — ► J\4 W °(K) + . To show that this is a bijection, 
it suffices to construct the inverse map in the case when K = R >a . Since the map 
t i— > Xi(i') is a bijection between £ e ' IUo (]R > o) and (see Example |5.3| ), we only 

need to construct a bijective correspondence (M Ut ~) i— ► x between J\4 W ° (K>o) + 
and L e ^° . This is done as follows: pick any i £ R(w ); define the factorization 
parameters tk as in Corollary 4.10 (i) with each minor A LOi w °' e (x)) replaced 
by M Uji7 ; form the corresponding product x' = X-i^ti) ■ ■ ■ X-i m (t m ); and finally 
define x = 4> w °< e {x'). □ 



Proof of Theorem 5.14. The theorem follows by combining Theorem 5.13 and 
Corollary |5.9| with Examples |5.4| and |5.5| and with Lemmas B.l and 8.2. □ 



Proof of Theorems 5.15 and |5.16 . These theorems follow by combining Theo- 
rems 2.2 and 5.14 with Lemmas S.l and 3.2. □ 



9. Proofs of results in Section 3.4 



To deduce Theorems |3.11 , 3.12 , and 3.14 fro m Th eorem 3. 10| ; we need to develop 
some properties of i-trails. Although Theorem 3.10 involves trails in the fundamen- 
tal modules over the Langlands dual Lie algebra L g, we find it more convenient to 
deal with trails in g- modules (translating from g to L g is automatic). 



We start with some easy consequences of Definition 2.1 



Proposition 9.1. (i) Condition (2) in Definition [2.1| is equivalent to the following: 
fit ' ' ' fit * s a non-zero linear map from V('y) to V(5). 

(ii) All the weights jk in a i-trail are weights ofV, and 7 = 70 > 71 > • ■ ■ > 7/ = 5, 
where 7 > 5 has the usual meaning that 7 — 5 is a nonnegative integer linear 
combination of simple roots of g. 



TENSOR PRODUCT MULTIPLICITIES 



3r, 



Proof. Part (ii) is trivial; (i) follows from the well-known fact that there exists 
a nondegenerate bilinear form B on V such that B(xv\, V2) — B[v\, x T V2) for any 
x £ Q and v\, V2 £ V. □ 



Throughout the rest of this section, we assume that V, 7, S, and i in Definition [2J 
satisfy the following conditions: 

(1) V = V\, where A is a dominant weight for g; 

(2) 7 and <5 are two extremal weights in V\, i.e., they belong to the VK-orbit WX; 

(3) i = . . . £ R(w) for some w £W. 

Recall that the extremal weights in V\ are precisely the vertices of the weight 
polytope P(V\), and the corresponding weight subspaces V\(j) are one-dimensional. 
We call an i-trail from 7 to 5 extremal if all jk are extremal weights of V\ . Extremal 
i-trails can be described as follows. Let W\ denote the stabilizer of A in W. Every 
7 £ WX has a unique minimal presentation 7 = uA, where u £ W is the minimal 
(with respect to the Bruhat order) representative of its coset uW\ . 

Proposition 9.2. Suppose that extremal weights 7 and 5 have minimal presenta- 
tions 7 = uX and S = vX. There exists an extremal i-trail from 7 to S in V\ if 
and only = £(v) — £(u), and uv^ 1 < w (in the Bruhat order). Under 

these conditions, the extremal i-trails from 7 to S are in a bijection with subwords 
(ife(i), . . . , ik(p)) of i which are reduced words for uv^ 1 ; the i-trail corresponding to 
a sequence (A)(1) < ••• < k(p)) is given by 7fe = Si k{j) •••Si fc(1) 7, where j is the 
maximal index such that k(j) < k. 

Proof. First of all, the condition that an i-trail tt = (7 = 70, ■ ■ ■ , 7; = S) is extremal 
can be reformulated as follows: 7^ £ {"fk~i, Si fc 7/c-i} for k = 1, . . . , I. Let fc(l) be 
the minimal index such that 7fe(i) = Sj (t(1 )7 7^ 7- Since Sj fe(1) 7 = Si k(1) uX < uX, 
it follows easily that £(si k(1) u) = t{u) + 1. The standard properties of the Bruhat 
order in W/W\ then imply that 7fe(i) = s i k( i) u ^ is the minimal presentation of the 
weight 7fc(i). Replacing 7 with 7fc(i) and using induction on the length of i, we 
obtain the desired statement. □ 

In particular, if A is minuscule (i.e., the extremal weights wX are the only weights 
of the fl-mo dule V\) then all i-trails from 7 to 8 are extremal, and so are given by 
Proposition 



9.2 



Proof of Theorem 3.14 . Re membering (2.2) and using Proposition |9.2|, we 



see that the inequalities in (3.8) are precisely the inequalities in Theorem 3.10 
corresponding to extremal i-trails. Thus all these inequalities hold on C\. If g is 
of type A T then g is isomorphic to L g, and all its fundamental weights are known 



to be minuscule. So all the trails in Theorem 3.1C are extremal, and Theorem 3.14 



follows. □ 

Our next result gives upper and lower bounds for every i-trail (between two 
extremal weights). Let us fix V, 7, 5, and i as above. Define weights 7 , . . . ,7 ; and 
7o> • • ■ > li b y setting 7 Q = 7, j t = S, and 

l k = mm (7 fe _ 1 ,Si fe 7 jt _ 1 ), 7fe-i = max (7fc,s* fc 7fc) 

for fe = 1, . . . , I. 

Proposition 9.3. Any i-trail (70, 71, • • ■ , 7;) from 7 to 5 in V\ satisfies 7 fe < 7^ < 
lk fork = 0,...,l. 
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Proof. Let us prove the inequalities 7^ < j k ; the remaining ones are proved in a 
similar way with the help of Proposition 9.1 (i). Let v 7 denote a nonzero vector in 
V\(-f). We proceed by induction on I to prove a little stronger statement: 
(*) If a vector v = e^** 1 • • ■ e^vg is nonzero for some nonnegative integers Ck+i, ■ ■ • , Q 

then its weight j k = 7 + c k+1 a lk+l H h c ( a 4i satisfies j k <lk- 

We can assume that I > 1, and that our statement holds for any i'-trail, where 
i' = (ii, . . . , z;_i). Let us abbreviate S = 7;_i. Consider two cases. 
Case 1: 6 = 6 > <5. In this case <5 + a,, is not a weight of Va. Therefore, 
(5 = 7;_i = 5, and our statement follows by induction. 

Case 2: S < s^S = S. Using the representation theory of sfa, we see that e^vj = 0, 
and Vg = f^Vg, where a = S(a^) > 0. Thus we have 



Using the commutation relations between fi t and the elements a in U(q), we can 

express v as a linear combination of vectors of the form ff e^ k+1 ■ ■ ■ e^ -1 ^. Hence 
at least one of these vectors is nonzero, and we conclude by induction that 

Ik < Ik + a'a H < 7 fc , 

as required. □ 



Corollary 9.4. Suppose that 7 > Sj x 7 > ••• > Sj, •••s,- 1 7 = 6. Then there is 
a unique i-trail ir from 7 to 8 in V\; it is given by 7^ = Si k ■ ■ ■ 5^7, and it has 



Cfe(7r) = 7(si! 



- 1 a i k )> and d k (n) — for k — 1 , . . . , I. 



Proof. The uniqueness of n follows from Proposition 9.3 since, under the present 
assumptions, we have 7 fc = j k = Si k ■ ■ ■ Si 1 7 for k = 0, . . . , I. The claim about c k (ir) 
and d k (n) follows at once from the definitions (2.1) and (2.2). □ 



The following special case of Corollary 9A extends |2j, Proposition 3.3] 



Corollary 9.5. Suppose that 7 = uX for some u £ W such that l[w u) — £(u) + 
t(w). For every i € R(w), there is a unique i-trail ir from 7 to w" 1 ^; it is given by 



Ik 



s i:t 7 for k = 0, . . . ,1. 



Our proof of Theorem 3.11 relies on one more corollary of Proposition 3.2; to 
formulate it we need the following definition. 

Definition 9.6. Let V, 7, 6, and i have the same meaning as in conditions (l)-(3) 
above. An index k S [0, 1] is splitting if it satisfies the following conditions: 

(1) 7 > s tl 7 > ••• > s ik ■ • -s n 7; 

(2) 5 < s k S <■■■< s lk+1 ■ ■■s n S; 



(3) 



'tk+i 



■ Sjj7 is a simple root for g. 



Corollary 9.7. If an index k £ [0, 1] is splitting then every i-trail (70, . . . , 7/) from 



7 to S has either 7^ = 



• 7 for < j < k, or jj = s t 



■ Si t S for k < j < I. 
Si, •••Si 1 7 for 



Proof. Conditions (1) and (2) in Definition 9.6 imply that 7. = s 
< j < k, and 7^ = Si j+1 ■ ■ ■ s^S for k < j < I. Combining condition (3) with 
Proposition 9.2, we conclude that ~f k must be equal to Si k ■ ■ ■ 5^7 or Si k+1 ■ ■ ■ s^S. 
In the former case, Corollary 9.4 guarantees the uniqueness of an (ii, . . . , Zfc)-trail 
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from 7 to 7^, and we conclude that jj = Si j ■ ■ ■ s^j for < j < k. Similarly, in the 
latter case, we have jj = s,-- +1 ■ ■ ■ s^S for k < j < I, as required. □ 

Let Ci(7, S) denote the cone of tuples (tx, ■ ■ ■ , ti) £ R l such that J2 k dk(n)tk > 
for any i-trail ir from 7 to S. Our next result is an immediate consequence of 
Corollary pjl 



Lemma 9.8. Suppose an index k is splitting (for i, 7, and S), and let 
(ii, . . . , ?fc), and i*- 2 -* = (ifc+i, • ■ ■ , ii)- Then we have 



•Si, (5) X C;(2)(Si 



n7=7) 



Proof of Theorem |3. 11 . It is enough to prove (3/7) for the case when p — 2, i.e., 
when the flag = Jo C I\ C • • • C I p = [1, r] has only one proper subset I\. Thus 
i is the concatenation (iW,^ 2 ), where iW £ R(w (Ii)), and i^ 2 ) £ J?(to (7i) _1 u; ); 
let Z = £(w ) be the length of i, and k = £{w {I\)) be the length of i' 1 ). 

In our present notation, each cone C\{u, v) is the intersection of the cones 
Ci(uuj^ , vsiuo^) for all i £ [l,r]; in particular, the string cone Ci in (37) is equal to 

Ci = Ci(uii,w SiUJi) . 
Therefore, it suffices to show that 



(9.1) 



C|(w,y, w SiUi) = C i( i)(cj l v , iy (7i)siw/) x C 1(2 ) (w (ii)^ v , w Si^ v ) 



for every i £ [l»r]. Let us distinguish two cases. 

Case 1: i £ I\. We claim that in this case the index k is splitting for i, 7 = ujY, 



and S = w SiUj^ . Condition (1) in Definition 9.6 is obvious. To prove (2), we 



need to show that Si j+1 ■ ■ ■ Si^oSiUj^ (ai j+1 ) > for k < j < I. This follows from 
the fact that SiW a (Ix)si k+1 ■ ■ • Si j (oti j+1 ) is a positive root for q (this is clear since 
{ik+i, ■ ■ ■ , ij+i) is a reduced word for a left factor of w (Ii)~ 1 w ). Finally, to prove 
(3) notice that in the present situation we have 

8i k+1 ■■■s il S - s ik ■ ■ ■ s ix 7 = w (h)siU!i - w (Ii)ujy 

which is a simple root for L g whenever i £ I\. 



-W o (I{)0il 



The desired equality (9.1) now follows from Lemma 9.8 



Case 2: i ^ 1\. Since in this case SjU)\ 



for any j £ I\, it follows that every 



i^'-trail from lu^ is trivial, i.e., all its components are equal to lu^ . Thus in this 



proof of Theorem 3.11 



case both sides of (9.1) are equal to R fc x (ljY , w SiUj^). This concludes the 



□ 



Proof of Theorem 3.12. Without loss of generality, we can assume that the sets 
Ij—i and Ij in the formulation are equal to [l,r — 1] and [1, r] respectively. Let us 
abbreviate w' a = w ([l, r — 1]), and let w = w' w , and i = £ R(w). We 

need to show that if w is fully commutative then the cone 

p| aW.iDoW) cm' 

ie[l,r] 



is given by the inequalities in Theorem 3.12 



First, let us show that Ci(w' Lu v ,w s r uj v ) is given by the only inequality U > 
(this part does not use the fact that w is fully commutative). Notice that w' lj w — 



Notice also that the coroot 



w' w o% 



is negative for i = 



and positive otherwise. It follows that ii = r* regardless of the choice of i £ R(w). 
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Since w s r u>^. (a r «) = — s r uj^{a r ) = — 1, it follows that any i-trail ir = (70 , ... ,7;) 
from uj^ to w s r u>y must have 7;_i = 7; = w s r w^. Using Corollary |9.5| , we see 
that 7r is unique, and we have 7^ = s; fc • ■ • 5^7 for k = 0, . . . , I — 1. It follows that 
dfc(vr) = for k = 0, . . . , I — 1, and d^n) = 1. The corresponding linear inequality 
defining the cone d(u>y , w a s r uj^) is U > as claimed. 

Now let us show the following: 
(*) Each of the cones Cj (w' uS^, , it> Sa*o>,X ) for £ 7^ r* is given by some of the in- 



equalities (2)-(4) in Theorem 3.12 



This can be done by analyzing the corresponding i-trails but we prefer another 
method using geometric lifting. By Corollary 5.E, the cone Ci(w' tjY,,w Si*u)Y,) 



consists of all integer Z-tuples {t\, . . . , U) satisfying the inequality 

(X-i(t!, . . . ,t;))]trop > . 

We shall deal with the minor A MjjSjUj instead of A^y S(fc ,y (so in the resulting 
formulas one will have to replace the Cartan matrix with its transpose). 

A calculation in SL2 shows that Sj = lim^oo X-i(t)xi(— t). It follows that the 
minor in question can be written as 

(x-iih, . . . ,ti)) = Um A (x_\(ti, . . . , ti,t)) , 



where i is the word . . . , i;, i). Since i ^ r* , we have i S R(wSi). We also 
have wsiiv" 1 — w' Si*w' = for some i' G [l,r — 1]. Therefore, the word i' — 
(i' , ix, ■ ■ ■ , ii) is also a reduced word for wst. With the help of the transition maps in 



Proposition 7.3, we can express the product x_-(ti, . . . ,ti,t) as (p,pi, ...,pi), 
where p and all pk are subtraction- free rational expr essi ons in t\, ...,ti,t. Since 
w^ 1 (aii) — cti, it easily follows from Propositions |4.3| and that 

■ ■ ■,*;,*)) = &wui,ui(x-i>(p,Pi, ■ ■ ■ ,Pi)) = 

p^ 1 A WUJ ^ LJi (x-i(pi, . . . ,pi)) = p^ 1 . 

Thus it remains to compute p as a subtraction- free rational expression p(t±, . . . ,ti,t) 
and take its limit as t — > 00. 

To compute p, we shall use a combinatorial lemma valid for arbitrary Coxeter 
groups. It uses the following notation: for any two distinct indices i and j from [1, r], 
let w (i,j) denote the longest element in the parabolic subgroup of W generated 
by Si and Sj. Thus w (i,j) = SiSjSi ■■■ = SjSiSj ■ ■ ■ (both products have d factors, 
where d is the order of SiSj in W). 

Lemma 9.9. Suppose an element w of an arbitrary Coxeter group W , and an index 
i are such that l(wsi) — i(w) + 1 > 1, and wsiiv -1 — Si> for some i' . Then there 
exist an index j ^ i and a reduced word i' of w such that SjSj has finite order d, 
and i' ends with the word (. . . , j, i,j) G R(w (i, j)si) of length d — 1. 

Proof. Pick any reduced word G R(w); clearly, ii 7^ i. Both words 

(£1, i) and (£', £1, . . . , £;) are reduced words for wsi. By the Tits theorem, 

the latter word can be obtained from the former one by a sequence of d-moves. 
Consider the first move in this sequence that involves the last letter. If this move 
is performed on a word (i', i) then the word i' G R{w) has the desired property. □ 



Applying Lemma |9.9| several times if necessary, we obtain a reduced word i' G 
R(w) with the following property: i' is a concatenation . . . , iW such that each 
i( fc ) consists of two alternating letters, and one obtains a reduced word (i', £) from 
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by a sequence of n ci-moves, the fc-th one involving i( fc ) and the preceding 
index. Thus if we replace i with i' then the above rational function p(t\, . . . , U, t) 
is easily computed by repeatedly using the formula for 1/pi in Proposition [7.3[ 
Taking its tropicalization, we conclude that the desired property (*) holds for i'; 
more pre cisely the cone CV (w' q uj^ , io s,*«a$ ) is given by the inequalities (2)-(4) in 
Theorem 3.12 corresponding to all the intervals that have length > 1. 

On the other hand, the fact that i satisfies (*) is clearly preserved by switches 
(ik,ik+i) — ► (*fc+ijifc) with a,i ht i h+1 — 0. Therefore if w is fully commutative then 
(*) holds for any i g R(w). 

To complete the proof of Theorem 3.12 , it remains to show that conversely 
each of the inequalities (2)-(4) appears as one of the defining inequalities for 
Cii(w' u!y,,w Si*u>y,) with some i / r* . Without loss of generality, we can as- 
sume that our inequality corresponds to a subword (ik+i, ■ ■ ■ ,ik+d-i) — Uihji • ■ ■ ) 
of i, where d G {3,4,6} is the order of SiSj. Let u = Si t ---Si k . In view of the 
above argument, to complete the proof it suffices to show that £{usj) = £{u) + 1, 
and usiu~ l — s,*< for some i' S [l,r — 1]. In other words, it suffices to show that 
the root (3 = uai is one of the simple roots ai, . . . , a r —i. 

Notice that if. ^ i (otherwise i would contain a subword {ik, ■ ■ ■ ,ik+d-i) G 
R(w (i, j)) which is impossible since w is fully commutative). Therefore, the root 
[3 is positive. On the other hand, the word (ife+i , . . . , ii) is a reduced word for 
u~ 1 w. Since w (and hence u^w) is fully commutative, and ai y i k+l — dij ^ 0, 
it follows that no reduced word for u~ x w can begin with i. Therefore, the root 
w^^-uai — it; -1 /? is also positive. Since w^ 1 (3 = w w' (3, we conclude that the 
root w' Q /3 is negative. Since j3 is a positive root sent to a negative one by w' Q , it 
follows that f3 does not contain a r , i.e., it is a positive integer linear combination 
of at\, . . . , ot r —i- 

As a final step in our argument, notice that any reduced word for u begins with 
ii = r (since £(w' Si') = £{w' Q ) — 1 for any i' S [1, r — 1]). It follows that u -1 ^ is a 
positive root for any i' 6 [!,?"— 1]. Therefore, u~ Y (i can be a simple root only if j3 



is simple. This completes the proof of Theorem 3.12. □ 



10. Proofs of results in Sections 2.3 and 2.4 



Proofs of Theorems OA and 2.5. To prove Theorem 2.4, we apply Theorem 2.2 

word: 

e R(w ), - (j, ... ,1,0,1,. 



to the following reduced word: 



We shall rename the variables tk as follows: the variables corresponding to each 
interval will be denoted (t [ l), . . . , t { l\, t { ^\ t[ 3 \ . . . We only need to show 

that for this choice of i, each of the conditi ons (l)-(4) in Theorem 2.3 specializes 
to the corresponding condition in Theorem 2A For condi tions (2) and (4) this is 
straightforward, and for (1) this is a special case of Theorem 3.12| (the corresponding 
string cone was already found in fig}] ). It remains to analyze condition (3). 

Let 7r = (7P ) be an i-trail from SjLuJ to w ujJ in an L g-module K; v ; here the 
components jk of 7r are renamed in the same way as the corresponding variables 
tk- We use Proposition [O to obtain upper and lower bounds for the weights 7- . 



First, since SiSjU^ 



for i < j — 1, we have 7^ - 1 = Sjuij and d^f \n) 



for all j z j < j' < j — 1. Second, an easy calculation shows that 7 



C?) 



if 
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Sj ■ ■ ■ Si-sqSi ■ ■ ■ SjioJ . It follows that every component 7^ ' of tt such that j' > j is 

obtained from the previous component by the action of suy, therefore, d'f \tt) = 
whenever j' > j. Thus, the only part of tt that can contribute to an inequality in 
(3) is a (iw^jiWj-trail from SjLjY to Sj ■ ■ -siSo s i ■ • ' s j w / m V u y . 

If 7 = then (i^' - 1 5, iW) = (0), so there is a unique trail tt, and the only non-zero 
number dk(n) is d!^\i:) = — 1. The corresponding inequality in (3) is A(ap ) > t^\ 
as claimed. 

Now let j > 0. Then we can assume without loss of generality that j = 
r — 1. Let us also assume that g = so2 r +i is of type B r . Then V^v is the 2r- 

dimensional standard (sometimes also called vector) representation of l q = sp2 r - 
This L g-module is minuscule, so the trails in question are extremal. Therefore, 
they are given by Proposition |9.2| with A = ujJ , i = (i^ -1 ), i^), u = Sj, and 
v = sj ■ ■ ■ SiSqSi ■ ■ ■ Sj. We see that these trails correspond to all occurrences 
of a word (j — 1, ... ,1,0,1, ... ,j) as a subword of i = (j — 1, ... ,1,0,1, ... ,j — 
1; j, ... ,1,0,1, ... By inspection, there are 4j — 1 such subwords falling into the 
following 4 classes (in each case, we represent a subword by the list of variables t\, 
corresponding to positions not belonging to this subword): 

(1) {t,[r 1} (*' > i);tf {%' < i)} for < i < j; 

(2) (*' > i);tf H - 1 + *' < i+ 1)} for < i < j; 

(3) {t|r X) (»' > -ijjtj? 5 (*' < -*)} for < i < j; 

(4) {^ ( r 1} (i + 1 ^ i' > -i - 1); $ -) (-i - 1 ^ i' < i + 1)} for < i < j - 1. 
Computing the coefficients d'f ' (tt) for the 4j — 1 extremal i-trails 7r correspond- 



ing to these subwords, we see that the inequalities in Theorem |2.4|(3) are indeed 



specializations of those in Theorem [2^(3). This completes the proof of Theorem 2.4 
for g of type B r . 

Now suppose that g = sp2 r is of type C r . The extremal trails and corresponding 
linear inequalities are described in the same way as for the type B r . The only differ- 
ence is that the L g-module V^v for j = r — 1 is now the ((2r + l)-dimensional) vector 
representation of S02r+i, and it is no longer minuscule. But it is quasi-minuscule, 
that is, its only non-extremal weight is the zero weight. It follows easily that there 
is a unique non-extremal (i^ _1 \ i^^-trail tt from SjioJ to Sj ■ • ■ SiSqSi ■ ■ ■ SjUjj in 

V^v; and the only non-zero coefficients of, ^(jt) are d$ ^(tt) = 1 and d^ (tt) = — 1. 

The resulting linear inequality in (3) is A(aJ) > tg — zfl . But we do not 
have to include this inequality since it is a consequence of the two inequalities 
A(a/) > 2t ( f ] - 4 3_1) - t { l\ and A(aJ) > t [ f~ 1] + t U ]_2t { 3 ' 1] corresponding to 



extremal trails. This completes the proof of Theorem [2.4|. □ 



The proof of Theorem 2.5 is very similar, and we leave the details to the reader. 



Note only that when q — so2 r is of type D r , we apply Theorem 2.3 to the following 
reduced word: 

i = (i« . . . , fr-V) e R(w ), i« = (j, . . . , 2, -1, 1, 2 . . . , j) . 

The variables tj~ corresponding to each interval are now denoted 

Aj) Aj) Aj)\ 
yi'-j) ■ ■ ■ 1 i-i, •'I j • • • i ''j ) ■ 
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The same argument as for the type B r above shows that all the i-trails in The- 
orem [2.3] (3) are extremal, and the corresponding linear inequalities are precisely 
those in Theorem |2J5|(3l . □ 



Proofs of Theorems 2.7 and 2.8. Let us recall a well-known relationship between 
the reduction multiplicities and tensor product multiplicities (see e.g., Q): the 
multiplicity c nUi p of in the reduction of V v to q(I) is equal to c^\f for any 
weight A such that A(a v ) = for i G I, and A(a-V)flO for i G [1, r] \ I. (This follows 
from the interpretation of c„ Uj( g as the dimension of the subspace of vectors v G V v of 
weight [3 such that e.;v = for i G I.) Thus, an expression for c nu ^ can be obtained 



by computing c^f using either of the theorems 2.2 and 2.3. In doing so we choose 



a reduced word i G R(w ) as a concatenation (i',i), where i' = . . . , i' m ,) G 
R(w (I)) and i = ...,i n ) G R( w (I ) w ). Let us write the corresponding 
variables t^ that appear in Theorems 2.2 and |2.3| as t = (t[, . . . , t' m , , t± , . . . ,t n ). 



We now claim that conditions (l)-(3) in each of Theorems 2.2 and 2.3 imply 
that t[ = ■ ■ ■ = t' i =0. It should be possible to deduce this directly but we 
prefer another argument. Let us deal with Theorem |2.2| ; Theorem can be 
treated in the same way. Recall that condition (3) (combined with (1) and (2)) in 
Theorem 2.2 was obtained as a reformulation of the following (see Proposition 
(ii) and Corollary ^4 ) : h(bi(t)) < A(o^) for all i e [l,r]. With the choice of A as 
above, this just means that h(bi(i)) = f or i G /. However if i G I then h(bi(t)) = 
h{bi'{ti, ■ ■ ■ , t' m '))i m view of Proposition |3.3|(ii); here &f (t i , ■ ■ ■ , t' m ,) is understood 
as a canonical basis vector for the (semisimple part of) the Lie algebra g(/) instead 
of g. Remembering the definition of k(b), we conclude that bi'(t[, . . . ,t' m ,) = 1 
hence t[ = ■ ■ ■ = t' m , = 0, as claimed. 
Now the conditions on t\ , . 



t m in Theorem |2.7| (resp. Theorem 



2.8) are easily 



seen to be equivalent to conditions (1), (2) and (4) in Theorem ^2 (resp. Theo 



rem |2.3|); for conditions Theorem |2.8j (1) and Theorem [2.7| (3), this follows from 



the splitting property ( p.7[ ) in Theorem 3.11 
Proofs of Corolla ries |2.1C and 



□ 



cializing Theorems |2.7| and |2 
i?(w (/)- 1 w ): 



2.11 



These corollaries are obtained by spe- 
to the following choice of a reduced word i G 



i=(p,p + i,---,p + q-i;p-i,p,---,p + q-2; 

We rename the corresponding variables tk as follows: 



1,2, 



t — (til, ■ ■ ■ , tlq- ^21, • ■ ■ ) t2q', ■ ■ ■ 'i tpl, ■ ■ ■ , tpq) . 

It is now shown by a direct check that all the conditions in Coro llari es 2.1C| and 
2.11 are specializatio ns of the correspondin g con ditions in Theorems 2_/7 and 2.8 (for 
conditions Corollary 2.11 (1) and Corollary |2. 10 (3), this follows from Theorem 3.12 ). 
We leave the details of this check to the reader. □ 
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